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We consider the 3+1 dimensional Maxwell theory in the situation where going around nontrivial paths in
the spacetime involves the action of the duality transformation exchanging the electric field and the magnetic
field and its SL(2,Z) generalizations. We find that the anomaly of this system in a particular formulation is
56 times that of a Weyl fermion. This result is derived in two independent ways: one is by using the bulk SPT
phase in 4+1 dimensions characterizing the anomaly, and the other is by considering the properties of a 5+1
dimensional superconformal field theory known as the E-string theory. This anomaly of the Maxwell theory
plays an important role in the consistency of string theory.

INTRODUCTION

Z0 =
p

µ0/✏0 (in SI units) or 1 (in Gaussian units) (1)

Every physicist knows that the electromagnetic field is de-
scribed classically by the Maxwell equation, and that it is
invariant under the electromagnetic duality S : (E,B) 7!
(B,�E). The properties of the electromagnetic duality in the
quantum theory might not be as well known to physicists in
general, and in fact are not very well understood in the litera-
ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.1 In
this letter, we uncover a feature of the Maxwell theory and
its duality symmetry in such a situation, namely that it has a
quantum anomaly.

We recall that a quantum theory in d+1 dimensions with a
symmetry group G can have a quantum anomaly, in the sense
that its partition function has a controllable phase ambigu-
ity. Our modern understanding is that such a theory is better
thought of as living on the boundary of a symmetry protected
topological phase (SPT phase) in the (d+1)+ 1 dimensional
bulk. It was noticed in the last few years in [8–12] that a ver-
sion of the Maxwell theory, often called the all-fermion elec-
trodynamics, where all particles of odd charge are fermions,
has a global gravitational anomaly and lives on the boundary
of a certain bulk SPT phase. As we will see, this result is a

1 One example is a periodic boundary condition twisted by duality: E(x +
L, y, z) = B(x, y, z) and B(x + L, y, z) = �E(x, y, z). This partic-
ular setup was studied by O. Ganor and his collaborators [1–4], but what
happens in a more general situation remains unanswered, to the authors’
knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [5–7], which
are related to the inherent self-dual nature of the Maxwell theory.

special case of the anomaly and the corresponding bulk SPT
phase we find for the duality symmetry.

We study the anomaly and the bulk SPT phase by imitat-
ing the relationship between the 1 + 1d chiral boson and the
2 + 1d U(1)1 Chern-Simons theory and its generalization to
(4n+1)+ 1d self-dual form field and the (4n+2)+ 1d bulk
theory, studied e.g. in [13–19]. The essential point is that the
3 + 1d Maxwell theory with a nontrivial background for its
duality symmetry is a self-dual field, and we can utilize the
techniques developed in the papers listed above to study it.
One of our main messages is that the subtle and interesting is-
sues concerning the self-dual fields studied in the past already
manifest themselves in the case of the Maxwell theory, once
the non-trivial background for its duality symmetry is turned
on.

Before proceeding, we note that the electromagnetic dual-
ity group in the quantum theory is in fact SL(2,Z) acting on
the lattice Z2 of the electric and magnetic charges. Its effect
on the Maxwell theory on a curved manifold was carefully
analyzed in [20] and it was interpreted as a mixed SL(2,Z)-
gravitational anomaly in [21]. Our result in this paper can be
considered as the determination of the pure SL(2,Z) part of
the anomaly.

Our computation shows that the anomaly of the Maxwell
theory is 56 times that of a Weyl fermion, in a certain pre-
cise formulation of the duality. Where does this number 56
come from? We will provide an answer using the property of a
5+1d superconformal field theory originally found in [22, 23]
known as the E-string theory; the name comes from the fact
that it has E8 global symmetry. The E-string theory has two
branches of vacua, called the tensor branch and the Higgs
branch. On the Higgs branch the E8 symmetry is Higgsed to
E7, which acts on 28 fermions via its 56 dimensional funda-



Maxwell theory and EM duality
• Classical Maxwell theory: SO(2) duality symmetry
(It can be extended to a larger symm, e.g. SL(2, ℝ ) [Gaillard-Zumino (81])

• Quantum mechanically, we know the electric and magnetic 
charges must obey the Dirac quantization condition

or more generally, the Dirac-Zwanziger-Schwinger   
quantization condition
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Maxwell theory and EM duality
A heuristic derivation (not Dirac’s original argument in 1931) :
[Jackson, Ch. 6.12]

angular momentum 
of the EM field:

q
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(1)

~H =
m
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~r0
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(2)

~Jem =
1

c2

Z

R3

~x⇥ ( ~E ⇥ ~H)d3x (3)

L = �1

4
Fµ⌫F

µ⌫ (4)

F
µ⌫ ! F

µ⌫ cos ⇠ +G
µ⌫ sin ⇠ (5)

Fµ⌫ ! Fµ⌫ cos ⇠ +
⇤
Fµ⌫ sin ⇠ (6)

Arf(q) =
1

2
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(X/2⇡)�(Y/2⇡). (7)

X,Y (2 H
2(M5, U(1))) are flat (8)
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Z(X) = Z(S5
/Z3)

m
Z(S5

/Z4)
n · · · (10)
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MaxwellI 0 Z2 Z4 - -
MaxwellII 0 Z2 - - -
MaxwellIII 0 Z2 - - -
MaxwellIV Z2 Z2 Z4 Z9 Z36

Weyl, G⇥ Zf
2 0 0 Z4 Z9 Z36

Weyl, Gf 0 Z16 Z32 Z9 Z288

TABLE I. Partition functions and related data on S
5
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=
1

2

⇣X
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⌘
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(11)

U(1)o TK (12)
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TK: No onsite rep.
TK:  ! i�y 

T : No on-site rep. (17)
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We consider the (3+1)-dimensional Maxwell theory in the situation where going around nontrivial paths in
the spacetime involves the action of the duality transformation exchanging the electric field and the magnetic
field, as well as its SL(2,Z) generalizations. We find that the anomaly of this system in a particular formulation
is 56 times that of a Weyl fermion. This result is derived in two independent ways: one is by using the bulk
symmetry protected topological phase in 4+1 dimensions characterizing the anomaly, and the other is by con-
sidering the properties of a (5+1)-dimensional superconformal field theory known as the E-string theory. This
anomaly of the Maxwell theory plays an important role in the consistency of string theory.
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Maxwell theory and EM duality
A heuristic derivation (not Dirac’s original argument in 1931) :
[Jackson, Ch. 6.12]
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Maxwell theory and EM duality
A heuristic derivation (not Dirac’s original argument in 1931) :
[Jackson, Ch. 6.12]

angular momentum 
of the EM field:
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Maxwell theory and EM duality
The quantum EM duality must preserve the charge quan. cond.

and thus is represented by an SL(2, ℤ) group, namely
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Every physicist knows that the electromagnetic field is de-
scribed classically by the Maxwell equation, and that it is
invariant under the electromagnetic duality S : (E,B) 7!

(B,�E).1 The properties of the electromagnetic duality in
quantum theory might not be as well known to physicists in
general and, in fact, are not very well understood in the litera-
ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.2 In
this Letter, we focus on a feature of the Maxwell theory and
its duality symmetry in such a situation, namely the fact that
it has a quantum anomaly [12, 13], which we explicitly deter-
mine.

We recall that a quantum theory in d+1 dimensions with a
symmetry group G can have a quantum anomaly, in the sense
that its partition function has a controllable phase ambigu-
ity. Our modern understanding is that such a theory is better
thought of as living on the boundary of a symmetry protected
topological (SPT) phase in the [(d+1)+1]-dimensional bulk.
It was noticed in the last few years in [12, 14–17] that a ver-
sion of the Maxwell theory (often called the all-fermion elec-
trodynamics, where all particles of odd charge are fermions)
has a global gravitational anomaly and lives on the boundary
of a certain bulk SPT phase. As we will see, this result is a
special case of the anomaly and the corresponding bulk SPT
phase that we find for the duality symmetry.

We study the anomaly and the bulk SPT phase by imitat-
ing the relationship between the (1+1)-dimensional chiral bo-

1 For some of the early contributions to the study of the duality transforma-
tion, see e.g., [1, 2].

2 One example is a periodic boundary condition twisted by duality: E(x +
L, y, z) = B(x, y, z) and B(x + L, y, z) = �E(x, y, z). This partic-
ular setup was studied by O. Ganor and his collaborators [3–6], but what
happens in a more general situation remains unanswered, to the authors’
knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [7–9], which
are related to the inherent self-dual nature of the Maxwell theory. Another
intriguing scenario is to consider a Maxwell theory with dynamical “du-
ality gauge fields”, which might be thought of as a generalization of the
Alice electrodynamics [10, 11] where the charge conjugation C = S2 is
gauged.
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Every physicist knows that the electromagnetic field is de-
scribed classically by the Maxwell equation, and that it is
invariant under the electromagnetic duality S : (E,B) 7!

(B,�E).1 The properties of the electromagnetic duality in
quantum theory might not be as well known to physicists in
general and, in fact, are not very well understood in the litera-
ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.2 In
this Letter, we focus on a feature of the Maxwell theory and
its duality symmetry in such a situation, namely the fact that
it has a quantum anomaly [12, 13], which we explicitly deter-
mine.

We recall that a quantum theory in d+1 dimensions with a
symmetry group G can have a quantum anomaly, in the sense
that its partition function has a controllable phase ambigu-
ity. Our modern understanding is that such a theory is better
thought of as living on the boundary of a symmetry protected
topological (SPT) phase in the [(d+1)+1]-dimensional bulk.
It was noticed in the last few years in [12, 14–17] that a ver-
sion of the Maxwell theory (often called the all-fermion elec-
trodynamics, where all particles of odd charge are fermions)
has a global gravitational anomaly and lives on the boundary
of a certain bulk SPT phase. As we will see, this result is a
special case of the anomaly and the corresponding bulk SPT
phase that we find for the duality symmetry.

We study the anomaly and the bulk SPT phase by imitat-
ing the relationship between the (1+1)-dimensional chiral bo-

1 For some of the early contributions to the study of the duality transforma-
tion, see e.g., [1, 2].

2 One example is a periodic boundary condition twisted by duality: E(x +
L, y, z) = B(x, y, z) and B(x + L, y, z) = �E(x, y, z). This partic-
ular setup was studied by O. Ganor and his collaborators [3–6], but what
happens in a more general situation remains unanswered, to the authors’
knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [7–9], which
are related to the inherent self-dual nature of the Maxwell theory. Another
intriguing scenario is to consider a Maxwell theory with dynamical “du-
ality gauge fields”, which might be thought of as a generalization of the
Alice electrodynamics [10, 11] where the charge conjugation C = S2 is
gauged.
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More on Maxwell theory
In ordinary Maxwell theory, there is no relation btw charges (q, m) and 
spin/statistics. We could have both neutral boson and fermion as the 
“origin” of the charge lattice

Figure 2. The charge lattice Q

for these points in the equation q + ig = q0(m⌧ + n). The action of the modular group SL2(Z)
preserves primitive vectors in the charge lattice.

Given a specific theory, an important question is identifying the subset of the charge lattice
that can be realized by single-particle states, as opposed to multi-particle states. Here it is the
primitive vectors that represent single-particle states ([O2]).

We now look at symmetries of the charge lattice. Firstly, the Weyl group W ⇠= Z2 permutes
the axes of the charge vector lattice, interchanging electric and magnetic charges. Secondly, the
generalization of duality symmetry of Maxwell is a rotation by ⇡/2 which exchanges electrically
charged particles and magnetic monopoles. The ⇡/2-rotational symmetry

(q0, 0) ! (0,�g0) , (�q0, 0) ! (0, g0) ,

(0, g0) ! (q0, 0) , (0,�g0) ! (�q0, 0)

preserves the magnitudes of electric and magnetic charges. The rotation group R of the elemen-
tary charges is hence the cyclic group of order 4 generated by the matrix

a =

✓
0 1

�1 0

◆
,

22

Open circles: primitive vectors,
representing single-particle 
states (SL(2, ℤ) invariant)
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Every physicist knows that the electromagnetic field is de-
scribed classically by the Maxwell equation, and that it is
invariant under the electromagnetic duality S : (E,B) 7!

(B,�E).1 The properties of the electromagnetic duality in
quantum theory might not be as well known to physicists in
general and, in fact, are not very well understood in the litera-
ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.2 In
this Letter, we focus on a feature of the Maxwell theory and
its duality symmetry in such a situation, namely the fact that
it has a quantum anomaly [12, 13], which we explicitly deter-
mine.

We recall that a quantum theory in d+1 dimensions with a
symmetry group G can have a quantum anomaly, in the sense
that its partition function has a controllable phase ambigu-
ity. Our modern understanding is that such a theory is better
thought of as living on the boundary of a symmetry protected
topological (SPT) phase in the [(d+1)+1]-dimensional bulk.
It was noticed in the last few years in [12, 14–17] that a ver-
sion of the Maxwell theory (often called the all-fermion elec-
trodynamics, where all particles of odd charge are fermions)
has a global gravitational anomaly and lives on the boundary
of a certain bulk SPT phase. As we will see, this result is a
special case of the anomaly and the corresponding bulk SPT
phase that we find for the duality symmetry.

We study the anomaly and the bulk SPT phase by imitat-
ing the relationship between the (1+1)-dimensional chiral bo-

1 For some of the early contributions to the study of the duality transforma-
tion, see e.g., [1, 2].

2 One example is a periodic boundary condition twisted by duality: E(x +
L, y, z) = B(x, y, z) and B(x + L, y, z) = �E(x, y, z). This partic-
ular setup was studied by O. Ganor and his collaborators [3–6], but what
happens in a more general situation remains unanswered, to the authors’
knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [7–9], which
are related to the inherent self-dual nature of the Maxwell theory. Another
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Every physicist knows that the electromagnetic field is de-
scribed classically by the Maxwell equation, and that it is
invariant under the electromagnetic duality S : (E,B) 7!

(B,�E).1 The properties of the electromagnetic duality in
quantum theory might not be as well known to physicists in
general and, in fact, are not very well understood in the litera-
ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.2 In
this Letter, we focus on a feature of the Maxwell theory and
its duality symmetry in such a situation, namely the fact that
it has a quantum anomaly [12, 13], which we explicitly deter-
mine.

We recall that a quantum theory in d+1 dimensions with a
symmetry group G can have a quantum anomaly, in the sense
that its partition function has a controllable phase ambigu-
ity. Our modern understanding is that such a theory is better
thought of as living on the boundary of a symmetry protected
topological (SPT) phase in the [(d+1)+1]-dimensional bulk.
It was noticed in the last few years in [12, 14–17] that a ver-
sion of the Maxwell theory (often called the all-fermion elec-
trodynamics, where all particles of odd charge are fermions)
has a global gravitational anomaly and lives on the boundary
of a certain bulk SPT phase. As we will see, this result is a
special case of the anomaly and the corresponding bulk SPT
phase that we find for the duality symmetry.

We study the anomaly and the bulk SPT phase by imitat-
ing the relationship between the (1+1)-dimensional chiral bo-

1 For some of the early contributions to the study of the duality transforma-
tion, see e.g., [1, 2].

2 One example is a periodic boundary condition twisted by duality: E(x +
L, y, z) = B(x, y, z) and B(x + L, y, z) = �E(x, y, z). This partic-
ular setup was studied by O. Ganor and his collaborators [3–6], but what
happens in a more general situation remains unanswered, to the authors’
knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [7–9], which
are related to the inherent self-dual nature of the Maxwell theory. Another
intriguing scenario is to consider a Maxwell theory with dynamical “du-
ality gauge fields”, which might be thought of as a generalization of the
Alice electrodynamics [10, 11] where the charge conjugation C = S2 is
gauged.
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More on Maxwell theory
Now let’s image a world where neutral particles are bosons. Then the 
charge lattice can be associated w/ various “charge-spin relations”, 
resulting extra four versions of Maxwell theory.

Figure 2. The charge lattice Q

for these points in the equation q + ig = q0(m⌧ + n). The action of the modular group SL2(Z)
preserves primitive vectors in the charge lattice.

Given a specific theory, an important question is identifying the subset of the charge lattice
that can be realized by single-particle states, as opposed to multi-particle states. Here it is the
primitive vectors that represent single-particle states ([O2]).

We now look at symmetries of the charge lattice. Firstly, the Weyl group W ⇠= Z2 permutes
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All-fermion electrodynamics
• It seems natural to have these modified Maxwell theories 
• However, MaxwellIV= all-ferm ED is anomalous (while the other 

three are not), in the sense that it cannot exist in purely 4d if 
microscopic DOF are only bosons [Wang-Potter-Senthil (13); Kravec-
McGreevy-Swingle (14); Thorngren (14); Wang-Wen-Witten (18)]

Such a theory (in the absence of neutral fermions)
Ødoes not have a bosonic regulator (e.g. 4d U(1) lattice gauge theory)
Ødoes not have a well-defined part. func. on some spacetime (e.g. CP2)
Øis the IR theory of some anomalous UV theory (e.g. ferm of isospin 4" + 3/2

w/ a refined SU(2) anomaly)
Ømust live on the boundary of a 5d bulk (w/ part. func. ) 
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Symmetries of Maxwell theory
Symmetries of Maxwell theory might also be anomalous, and we’d 
like to know which symm is anomaly-free and thus can be gauged. 

M Bucher ci al. / Topological Alice electrodynamics 5

SU(2). We may express 15 as a real symmetric traceless 3 x 3 matrix that trans-
forms according to

‘15-~M~M~,MESO(3). (2.1)

If ‘15 has an expectation value (in unitary gauge) that can be expressed as

= I) diag[1, 1, —2], (2.2)

then the unbroken subgroup of SU(2) is the semi-direct product H = U(1) ><s[)~2.
The unbroken group H has two connected components. The component connected
to the identity can be pictured as rotations about a z-axis. Since SU(2) is a double
cover of the rotation group, this component, which is isomorphic to U(1), can be
expressed as H~= {exp[iOQ] 0 ~ 0 <4~r),where Q is the SU(2) generator Q =

There is also a connected component not connected to the identity of the form
Hd = (X exp[i9Q]~0~ 0 <4~-}.This component consists of rotations by 1800 about
axes that lie in the xy plane. (X is any such rotation.) Each element Y of Hd
anticommutes with Q, YQY’ = — Q; it is a “charge-conjugation” operator embed-
ded in the unbroken local symmetry group.

The elements of Hd represent the possible values of the “magnetic flux” of the
topologically-stable cosmic string excitations of the theory in 3 + I dimensions (or
vortex excitations in 2 + I dimensions). In general, the magnetic flux carried by a
cosmic string is an element of the unbroken group H that encodes the result of
parallel transport along a closed path that encloses the string. To define the
magnetic flux we must specify a basepoint x0 and a closed loop C that starts and
ends at x0 and encircles the string exactly once. (See fig. 1.) Then the flux is given
by the untraced Wilson loop operator

h(C, x0) =P exp if dx~A1 . (2.3)
(C, x~)

The flux takes values in H(x0), the subgroup of the underlying group G that

Fig. 1. The curve C, starting and ending at the point x0, encloses a 1oop of cosmic string.Fig from [Bucher-Lo-Preskill (92)]

a “Alice string/loop” with the 
“Cheshire charge” [Wilczek et al (90)] 
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Every physicist knows that the electromagnetic field is de-
scribed classically by the Maxwell equation, and that it is
invariant under the electromagnetic duality S : (E,B) 7!
(B,�E). The properties of the electromagnetic duality in the
quantum theory might not be as well known to physicists in
general, and in fact are not very well understood in the litera-
ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.1 In
this letter, we uncover a feature of the Maxwell theory and
its duality symmetry in such a situation, namely that it has a
quantum anomaly.

We recall that a quantum theory in d+1 dimensions with a
symmetry group G can have a quantum anomaly, in the sense
that its partition function has a controllable phase ambigu-
ity. Our modern understanding is that such a theory is better
thought of as living on the boundary of a symmetry protected
topological phase (SPT phase) in the (d+1)+ 1 dimensional
bulk. It was noticed in the last few years in [8–12] that a ver-
sion of the Maxwell theory, often called the all-fermion elec-
trodynamics, where all particles of odd charge are fermions,
has a global gravitational anomaly and lives on the boundary
of a certain bulk SPT phase. As we will see, this result is a
special case of the anomaly and the corresponding bulk SPT
phase we find for the duality symmetry.

1 One example is a periodic boundary condition twisted by duality: E(x +
L, y, z) = B(x, y, z) and B(x + L, y, z) = �E(x, y, z). This partic-
ular setup was studied by O. Ganor and his collaborators [1–4], but what
happens in a more general situation remains unanswered, to the authors’
knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [5–7], which
are related to the inherent self-dual nature of the Maxwell theory.

“local” charge conjugation

Alice EM
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Every physicist knows that the electromagnetic field is de-
scribed classically by the Maxwell equation, and that it is
invariant under the electromagnetic duality S : (E,B) 7!
(B,�E). The properties of the electromagnetic duality in the
quantum theory might not be as well known to physicists in
general, and in fact are not very well understood in the litera-
ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.1 In
this letter, we uncover a feature of the Maxwell theory and
its duality symmetry in such a situation, namely that it has a
quantum anomaly.

We recall that a quantum theory in d+1 dimensions with a
symmetry group G can have a quantum anomaly, in the sense
that its partition function has a controllable phase ambigu-
ity. Our modern understanding is that such a theory is better
thought of as living on the boundary of a symmetry protected
topological phase (SPT phase) in the (d+1)+ 1 dimensional
bulk. It was noticed in the last few years in [8–12] that a ver-
sion of the Maxwell theory, often called the all-fermion elec-
trodynamics, where all particles of odd charge are fermions,

1 One example is a periodic boundary condition twisted by duality: E(x +
L, y, z) = B(x, y, z) and B(x + L, y, z) = �E(x, y, z). This partic-
ular setup was studied by O. Ganor and his collaborators [1–4], but what
happens in a more general situation remains unanswered, to the authors’
knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [5–7], which
are related to the inherent self-dual nature of the Maxwell theory.

Ø One example is to consider Maxwell theory w/ extra dynamical
gauge fields, e.g. Alice electrodynamics [Schwarz (82)]



Symmetries of Maxwell theory
Symmetries of Maxwell theory might also be anomalous, and we’d 
like to know which symm is anomaly-free and thus can be gauged. 

Ø Another example is to consider the Janus configuration [Bak et al. 
(92); Giaotto-Witten (08)] where the spacetime has a duality twist
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Every physicist knows that the electromagnetic field is de-
scribed classically by the Maxwell equation, and that it is
invariant under the electromagnetic duality S : (E,B) 7!
(B,�E). The properties of the electromagnetic duality in the

quantum theory might not be as well known to physicists in
general, and in fact are not very well understood in the litera-
ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.1 In
this letter, we uncover a feature of the Maxwell theory and
its duality symmetry in such a situation, namely that it has a
quantum anomaly.

We recall that a quantum theory in d+1 dimensions with a
symmetry group G can have a quantum anomaly, in the sense
that its partition function has a controllable phase ambigu-
ity. Our modern understanding is that such a theory is better
thought of as living on the boundary of a symmetry protected
topological phase (SPT phase) in the (d+1)+ 1 dimensional
bulk. It was noticed in the last few years in [8–12] that a ver-
sion of the Maxwell theory, often called the all-fermion elec-
trodynamics, where all particles of odd charge are fermions,
has a global gravitational anomaly and lives on the boundary
of a certain bulk SPT phase. As we will see, this result is a
special case of the anomaly and the corresponding bulk SPT
phase we find for the duality symmetry.

We study the anomaly and the bulk SPT phase by imitat-
ing the relationship between the 1 + 1d chiral boson and the
2 + 1d U(1)1 Chern-Simons theory and its generalization to
(4n+1)+ 1d self-dual form field and the (4n+2)+ 1d bulk
theory, studied e.g. in [13–19]. The essential point is that the
3 + 1d Maxwell theory with a nontrivial background for its
duality symmetry is a self-dual field, and we can utilize the

1 One example is a periodic boundary condition twisted by duality: E(x +
L, y, z) = B(x, y, z) and B(x + L, y, z) = �E(x, y, z). This partic-
ular setup was studied by O. Ganor and his collaborators [1–4], but what
happens in a more general situation remains unanswered, to the authors’
knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [5–7], which
are related to the inherent self-dual nature of the Maxwell theory.

[Ganor et al (08 ,10, 12, 14)]
Janus from wiki: God of beginnings, 
gates, transitions, time, duality, 
doorways, passages, and ending



Anomaly of symmetries
• More precisely, we want to know the ’t Hooft anomaly of a 

given symm, which obstructs the gauging of the symm. 

• Such an anomaly manifests in a controlled manner and can be 
understood by anomaly inflow argument. 

ØModern view: An n-dim anomalous theory is (most naturally) realized as a 
boundary mode of a (n+1)-dim symmetry protected topological (SPT)
phase or invertible field theory (IFT) in (n+1)d

Bulk SPT phase 

IFT w/ symm

(’t Hooft) Anomaly  
on boundary theory 

Hilbert space (on any closed manifold) is 1-dim



Anomaly of symmetries

anomaly in n dim ó part. func. of (n+1)d bulk IFT on closed manifolds 

☆☆☆Fact :



Outline
• Maxwell theory × EM duality × Anomaly

• Anomalies: self-dual fields vs. chiral fermions
1. (1+1)d
2. (3+1)d
3. (5+1)d

• Summary



Before discussing 4d Maxwell theory and its corresp 5d bulk 
theory, let’s look at a simpler but related example:

2d chiral boson and 3d Chern-Simons theory



Outline
• Maxwell theory × EM duality × Anomaly

• Anomalies: self-dual fields vs. chiral fermions
1. 2d
2. 4d
3. 6d

• Conclusion



Anomaly of 2d chiral boson in terms of 3d U(1) 
Chern-Simons theory

Boundary theory of 3d U(1)1 CS theoey
= 2d (self-dual) chiral boson

The (grav) anomaly of the chiral boson is characterized by part. func. 
of the U(1)1 CS a closed spin 3-manifold M3:
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Every physicist knows that the electromagnetic field is de-
scribed classically by the Maxwell equation, and that it is
invariant under the electromagnetic duality S : (E,B) 7!
(B,�E). The properties of the electromagnetic duality in the
quantum theory might not be as well known to physicists in
general, and in fact are not very well understood in the litera-
ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.1 In
this letter, we uncover a feature of the Maxwell theory and
its duality symmetry in such a situation, namely that it has a
quantum anomaly.

We recall that a quantum theory in d+1 dimensions with a
symmetry group G can have a quantum anomaly, in the sense

1 One example is a periodic boundary condition twisted by duality: E(x +
L, y, z) = B(x, y, z) and B(x + L, y, z) = �E(x, y, z). This partic-
ular setup was studied by O. Ganor and his collaborators [1–4], but what
happens in a more general situation remains unanswered, to the authors’
knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [5–7], which
are related to the inherent self-dual nature of the Maxwell theory.
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Every physicist knows that the electromagnetic field is de-
scribed classically by the Maxwell equation, and that it is
invariant under the electromagnetic duality S : (E,B) 7!
(B,�E). The properties of the electromagnetic duality in the
quantum theory might not be as well known to physicists in
general, and in fact are not very well understood in the litera-
ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.1 In
this letter, we uncover a feature of the Maxwell theory and
its duality symmetry in such a situation, namely that it has a
quantum anomaly.

We recall that a quantum theory in d+1 dimensions with a
symmetry group G can have a quantum anomaly, in the sense

1 One example is a periodic boundary condition twisted by duality: E(x +
L, y, z) = B(x, y, z) and B(x + L, y, z) = �E(x, y, z). This partic-
ular setup was studied by O. Ganor and his collaborators [1–4], but what
happens in a more general situation remains unanswered, to the authors’
knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [5–7], which
are related to the inherent self-dual nature of the Maxwell theory.
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this Letter, we focus on a feature of the Maxwell theory and
its duality symmetry in such a situation, namely the fact that it
has a quantum anomaly [? ? ], which we explicitly determine.

We recall that a quantum theory in d+1 dimensions with a
symmetry group G can have a quantum anomaly, in the sense
that its partition function has a controllable phase ambigu-
ity. Our modern understanding is that such a theory is better
thought of as living on the boundary of a symmetry protected
topological (SPT) phase in the [(d+1)+1]-dimensional bulk.
It was noticed in the last few years in [? ? ? ? ? ] that a ver-
sion of the Maxwell theory (often called the all-fermion elec-
trodynamics, where all particles of odd charge are fermions)
has a global gravitational anomaly and lives on the boundary
of a certain bulk SPT phase. As we will see, this result is a
special case of the anomaly and the corresponding bulk SPT
phase that we find for the duality symmetry.

We study the anomaly and the bulk SPT phase by imitat-
ing the relationship between the (1+1)-dimensional chiral bo-
son and the (2+1)-dimensional U(1)1 Chern-Simons theory
and its generalization to the [(4n+1)+1]-dimensional self-
dual form field and the [(4n+2)+1]-dimensional bulk theory
studied, e.g., in [? ? ? ? ? ? ? ]. The essential point is
that the (3+1)-dimensional Maxwell theory with a nontrivial
background for its duality symmetry is a self-dual field, and
we can utilize the techniques developed in the papers listed
above to study it. One of our main messages is that the sub-
tle and interesting issues concerning the self-dual fields stud-
ied in the past already manifest themselves in the case of the
Maxwell theory once the non-trivial background for its duality
symmetry is turned on.

Before proceeding, we note that the electromagnetic dual-
ity group in the quantum theory is, in fact, the 2-dimensional
special linear group SL(2,Z) over the integers acting on the
lattice Z2 of the electric and magnetic charges. Its effect on
the Maxwell theory on a curved manifold was carefully ana-
lyzed in [? ? ] and it was interpreted as a mixed SL(2,Z)-
gravitational anomaly in [? ]. Our result in this Letter can be
considered as the determination of the pure SL(2,Z) part of
the anomaly.

Our computation shows that the anomaly of the Maxwell
theory is 56 times that of a Weyl fermion in a certain pre-
cise formulation of the duality. Where does this number 56
come from? We will provide an answer using the property of
a (5+1)-dimensional superconformal field theory originally
found in [? ? ] and known as the E-string theory; the name
comes from the fact that it has E8 global symmetry. The
E-string theory has two branches of vacua, called the tensor
branch and the Higgs branch. On the Higgs branch the E8

symmetry is Higgsed to E7, which acts on 28 fermions via
its 56-dimensional fundamental representation; this is possi-
ble since a pseudo-real representation R with dimR = 2k

can act on k fermions in 5+1 dimensions because the spin
representation S in 5+1 dimensions is pseudo-real and we
can impose the Majorana condition on R ⌦ S. When one
moves to the tensor branch, the E8 symmetry is restored and
a self-dual tensor field appears. By compactifying this system
on T

2, one finds that one Maxwell field is continuously con-
nected to 56 Weyl fermions, showing that they should have
the same anomaly. The electromagnetic duality is formulated
as the SL(2,Z) acting on this torus T

2, and therefore is ge-
ometrized in this formulation. This means that both the purely
SL(2,Z) part and the mixed gravitational-SL(2,Z) part of the
(3+1)-dimensional anomaly come from the purely gravita-
tional anomaly of the (5+1)-dimensional theory. These state-
ments about the anomaly are valid if the E8 background field
is turned off.

The rest of the Letter is organized as follows. We start
by recalling how the anomaly of a (1+1)-dimensional chi-
ral boson is captured by the phase of the partition function of
the (2+1)-dimensional U(1) Chern-Simons theory at level 1.
We outline the path integral computation of its phase, as well
as how this can be matched with the anomaly of a (1+1)-
dimensional chiral fermion. We then adapt this discussion to
the anomaly of the (3+1)-dimensional Maxwell theory and
the corresponding (4+1)-dimensional bulk BdC theory. We
will see that the anomaly computed in this way reproduces the
known anomaly when the SL(2,Z) background is trivial. We
then consider the case of nontrivial SL(2,Z) backgrounds on
S
5
/Zk, for k = 2, 3, 4, and 6, and we note that the resulting

phase is equal to 56 times that of a charged Weyl fermion.
This plays an important role in the consistency of the O3�-
plane and its generalizations. Finally, we explain why the
anomaly of the Maxwell theory has to be 56 times that of a
charged Weyl fermion, in terms of the six-dimensional super-
conformal field theory known as the E-string theory. More
details will be provided in a longer version of the Letter [? ].

WARM-UP: ANOMALY OF (1+1)-DIMENSIONAL CHIRAL
BOSON IN TERMS OF (2+1)-DIMENSIONAL U(1)

CHERN-SIMONS

We start by recalling the well-understood case of the
anomaly of the (1+1)-dimensional chiral boson at the free
fermion radius. This theory naturally lives at the bound-
ary of the (2+1)-dimensional U(1) Chern-Simons theory at
level k = 1, for which the Euclidean action is �Sk=1 =
⇡i

R
(A/2⇡)(F/2⇡) [? ? ? ]. The anomaly is then charac-

terized by the partition function of this Chern-Simons theory
on closed 3-dimensional manifolds M3.

Let us recall that the action at level 2, �Sk=2 =
2⇡i

R
(A/2⇡)(F/2⇡), is well-defined modulo 2⇡i when the
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Every physicist knows that the electromagnetic field is de-
scribed classically by the Maxwell equation, and that it is
invariant under the electromagnetic duality S : (E,B) 7!
(B,�E). The properties of the electromagnetic duality in the
quantum theory might not be as well known to physicists in
general, and in fact are not very well understood in the litera-
ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.1 In
this letter, we uncover a feature of the Maxwell theory and
its duality symmetry in such a situation, namely that it has a
quantum anomaly.

We recall that a quantum theory in d+1 dimensions with a
symmetry group G can have a quantum anomaly, in the sense

1 One example is a periodic boundary condition twisted by duality: E(x +
L, y, z) = B(x, y, z) and B(x + L, y, z) = �E(x, y, z). This partic-
ular setup was studied by O. Ganor and his collaborators [1–4], but what
happens in a more general situation remains unanswered, to the authors’
knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [5–7], which
are related to the inherent self-dual nature of the Maxwell theory.
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path in the spacetime results in a duality transformation.1 In
this letter, we uncover a feature of the Maxwell theory and
its duality symmetry in such a situation, namely that it has a
quantum anomaly.
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symmetry group G can have a quantum anomaly, in the sense
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knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [5–7], which
are related to the inherent self-dual nature of the Maxwell theory.

3

Let us rewrite its phase.
The phase of the first term can be written in terms of the eta

invariant of the signature operator ⇤d:

1
2⇡ Arg

Z
[DA]top.triviale

⇡i
R
(A/2⇡)(F/2⇡) = � 1

8⌘signature.

(15)
Here and below, the equality of the phase is modulo one and
is simply denoted by =. The phase of the second term can be
rewritten as

1
2⇡ Arg

X

c2H2(M3,Z)
q(c) =: Arf(q) (16)

where c = c1(F ) is the first Chern class of the gauge bundle
and q(c) := e

⇡i
R
(A/2⇡)(F/2⇡).

We note that q(c) is simply the exponentiated level-1 clas-
sical action evaluated at a flat A. As recalled above, defining
it requires something more than an oriented manifold and the
integration on it. Mathematically, q is known as a quadratic
refinement of the torsion pairing on H

2(M3,Z). The Arf in-
variant Arf(q) is defined by the equation above and is known
to take values in one eighth of an integer. We end up with the
formula

1
2⇡ ArgZU(1)CS(M3) = � 1

8⌘signature +Arf(q). (17)

Let us now recall that a chiral boson can be fermionized.
Then the bulk theory can be taken to be the 2+1d fermion with
infinite mass, whose partition function has the phase [31]

1
2⇡ ArgZfermion(M3) = ⌘fermion. (18)

The values of ⌘signature and ⌘fermion on lens spaces are known
in the literature, e.g. [32]. For example, on M3 = S

3
/Z2,

⌘signature = 0, while Arf(q) and ⌘fermion can be either 1/8 or
�1/8, depending on the spin structure. On M3 = S

3
/Z3,

⌘signature = �2/9, Arf(q) = �1/4, and ⌘fermion = �2/9, as
there is a unique spin structure. We indeed confirm

� 1
8⌘signature +Arf(q) = ⌘fermion. (19)

We note that ⌘signature is independent of the spin structure but
Arf(q) does depend on the spin structure. In other words, the
spin structure provides us the quadratic refinement.

THE ANOMALY OF THE MAXWELL THEORY

The analysis of the anomaly of the 1+1d chiral boson we
recalled above was generalized to the (4n � 3) + 1 dimen-
sional self-dual form fields in [33] at the perturbative level.
The study of the corresponding (4n� 2)+1 dimensional the-
ory in the bulk, generalizing the 2+1d Chern-Simons theory,

was carried out in detail in [14–19]. The bulk theory has the
action ⇡i

R
(A/2⇡)d(A/2⇡), where A is now an (2n � 1)-

form gauge field. Assuming H
2n�1(M4n�1,R) = 0, the

phase of the partition function still has the form (17), where
q is now a quadratic refinement of the torsion pairing on
H

2n(M4n�1,Z), and its choice is not obviously related to the
choice of the spin structure.

Here we are more interested in the 3+1d Maxwell the-
ory. The natural generalization in this case is to consider
the bulk theory with the action ⇡i

R
[(B/2⇡)d(C/2⇡) �

(C/2⇡)d(B/2⇡)], where B and C are two 2-form gauge
fields to be path-integrated over. This action has the SL(2,Z)
symmetry acting on (B,C), which corresponds to the dual-
ity symmetry of the Maxwell theory. We can and will intro-
duce the background gauge field ⇢ for this SL(2,Z) symmetry,
which means that there is a nontrivial duality transformation
when going around a nontrivial loop in spacetime. The phase
of the partition function is then

1
2⇡ ArgZBdC(M5) = � 1

4⌘signature +Arf(q) (20)

where the eta invariant is now for the signature operator ⇤d
acting on the differential forms tensored with (Z2)⇢,3 and q is
now the quadratic refinement of the natural torsion pairing on
H

3(M5, (Z2)⇢). Here (Z2)⇢ signifies the coefficient system
twisted by the SL(2,Z) bundle ⇢.

Let us first consider the case where we do not have the
SL(2,Z) background. In this case, the signature eta invariant
simply vanishes, and only the Arf invariant contributes. Re-
call that a quadratic refinement is simply the classical action
evaluated on flat B and C. Then a general quadratic refine-
ment can be written as

Z
B

2⇡

dC

2⇡
+

Z
dB

2⇡

C
2⇡

+

Z B
2⇡

dC

2⇡
, (21)

where B, C 2 H
2(M5,R/2⇡Z) are the background fields

for the electric and magnetic 1-form U(1) symmetry of the
Maxwell theory [35], which we chose to be flat. Its Arf in-
variant is computed to be

R
(B/2⇡)�(C/2⇡) where � is the

Bockstein homomorphism � : H2(M5,R/Z) ! H
3(M5,Z);

the Bockstein homomorphism � can roughly be regarded as
the exterior derivative d when it acts on torsion elements of
cohomology groups. The end result is that

1
2⇡ ArgZBdC(M5) =

Z
(B/2⇡)�(C/2⇡). (22)

This reproduces a known result. Indeed, the mixed anomaly
is known to be of the form 2⇡i

R
M5

(B/2⇡)d(C/2⇡), whose

3 The eta invariant of the signature operator with such a twist and its reduc-
tion from higher dimensions was considered earlier in the mathematical
literature, see e.g. [34].
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Every physicist knows that the electromagnetic field is de-
scribed classically by the Maxwell equation, and that it is
invariant under the electromagnetic duality S : (E,B) 7!
(B,�E). The properties of the electromagnetic duality in the
quantum theory might not be as well known to physicists in
general, and in fact are not very well understood in the litera-
ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.1 In
this letter, we uncover a feature of the Maxwell theory and
its duality symmetry in such a situation, namely that it has a
quantum anomaly.

We recall that a quantum theory in d+1 dimensions with a
symmetry group G can have a quantum anomaly, in the sense

1 One example is a periodic boundary condition twisted by duality: E(x +
L, y, z) = B(x, y, z) and B(x + L, y, z) = �E(x, y, z). This partic-
ular setup was studied by O. Ganor and his collaborators [1–4], but what
happens in a more general situation remains unanswered, to the authors’
knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [5–7], which
are related to the inherent self-dual nature of the Maxwell theory.
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Every physicist knows that the electromagnetic field is de-
scribed classically by the Maxwell equation, and that it is
invariant under the electromagnetic duality S : (E,B) 7!
(B,�E). The properties of the electromagnetic duality in the
quantum theory might not be as well known to physicists in
general, and in fact are not very well understood in the litera-
ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.1 In
this letter, we uncover a feature of the Maxwell theory and
its duality symmetry in such a situation, namely that it has a
quantum anomaly.

We recall that a quantum theory in d+1 dimensions with a
symmetry group G can have a quantum anomaly, in the sense

1 One example is a periodic boundary condition twisted by duality: E(x +
L, y, z) = B(x, y, z) and B(x + L, y, z) = �E(x, y, z). This partic-
ular setup was studied by O. Ganor and his collaborators [1–4], but what
happens in a more general situation remains unanswered, to the authors’
knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [5–7], which
are related to the inherent self-dual nature of the Maxwell theory.

3

Let us rewrite its phase.
The phase of the first term can be written in terms of the eta

invariant of the signature operator ⇤d:

1
2⇡ Arg

Z
[DA]top.triviale

⇡i
R
(A/2⇡)(F/2⇡) = � 1

8⌘signature.

(15)
Here and below, the equality of the phase is modulo one and
is simply denoted by =. The phase of the second term can be
rewritten as

1
2⇡ Arg

X

c2H2(M3,Z)
q(c) =: Arf(q) (16)

where c = c1(F ) is the first Chern class of the gauge bundle
and q(c) := e

⇡i
R
(A/2⇡)(F/2⇡).

We note that q(c) is simply the exponentiated level-1 clas-
sical action evaluated at a flat A. As recalled above, defining
it requires something more than an oriented manifold and the
integration on it. Mathematically, q is known as a quadratic
refinement of the torsion pairing on H

2(M3,Z). The Arf in-
variant Arf(q) is defined by the equation above and is known
to take values in one eighth of an integer. We end up with the
formula

1
2⇡ ArgZU(1)CS(M3) = � 1

8⌘signature +Arf(q). (17)

Let us now recall that a chiral boson can be fermionized.
Then the bulk theory can be taken to be the 2+1d fermion with
infinite mass, whose partition function has the phase [31]

1
2⇡ ArgZfermion(M3) = ⌘fermion. (18)

The values of ⌘signature and ⌘fermion on lens spaces are known
in the literature, e.g. [32]. For example, on M3 = S

3
/Z2,

⌘signature = 0, while Arf(q) and ⌘fermion can be either 1/8 or
�1/8, depending on the spin structure. On M3 = S

3
/Z3,

⌘signature = �2/9, Arf(q) = �1/4, and ⌘fermion = �2/9, as
there is a unique spin structure. We indeed confirm

� 1
8⌘signature +Arf(q) = ⌘fermion. (19)

We note that ⌘signature is independent of the spin structure but
Arf(q) does depend on the spin structure. In other words, the
spin structure provides us the quadratic refinement.

THE ANOMALY OF THE MAXWELL THEORY

The analysis of the anomaly of the 1+1d chiral boson we
recalled above was generalized to the (4n � 3) + 1 dimen-
sional self-dual form fields in [33] at the perturbative level.
The study of the corresponding (4n� 2)+1 dimensional the-
ory in the bulk, generalizing the 2+1d Chern-Simons theory,

was carried out in detail in [14–19]. The bulk theory has the
action ⇡i

R
(A/2⇡)d(A/2⇡), where A is now an (2n � 1)-

form gauge field. Assuming H
2n�1(M4n�1,R) = 0, the

phase of the partition function still has the form (17), where
q is now a quadratic refinement of the torsion pairing on
H

2n(M4n�1,Z), and its choice is not obviously related to the
choice of the spin structure.

Here we are more interested in the 3+1d Maxwell the-
ory. The natural generalization in this case is to consider
the bulk theory with the action ⇡i

R
[(B/2⇡)d(C/2⇡) �

(C/2⇡)d(B/2⇡)], where B and C are two 2-form gauge
fields to be path-integrated over. This action has the SL(2,Z)
symmetry acting on (B,C), which corresponds to the dual-
ity symmetry of the Maxwell theory. We can and will intro-
duce the background gauge field ⇢ for this SL(2,Z) symmetry,
which means that there is a nontrivial duality transformation
when going around a nontrivial loop in spacetime. The phase
of the partition function is then

1
2⇡ ArgZBdC(M5) = � 1

4⌘signature +Arf(q) (20)

where the eta invariant is now for the signature operator ⇤d
acting on the differential forms tensored with (Z2)⇢,3 and q is
now the quadratic refinement of the natural torsion pairing on
H

3(M5, (Z2)⇢). Here (Z2)⇢ signifies the coefficient system
twisted by the SL(2,Z) bundle ⇢.

Let us first consider the case where we do not have the
SL(2,Z) background. In this case, the signature eta invariant
simply vanishes, and only the Arf invariant contributes. Re-
call that a quadratic refinement is simply the classical action
evaluated on flat B and C. Then a general quadratic refine-
ment can be written as

Z
B

2⇡

dC

2⇡
+

Z
dB

2⇡

C
2⇡

+

Z B
2⇡

dC

2⇡
, (21)

where B, C 2 H
2(M5,R/2⇡Z) are the background fields

for the electric and magnetic 1-form U(1) symmetry of the
Maxwell theory [35], which we chose to be flat. Its Arf in-
variant is computed to be

R
(B/2⇡)�(C/2⇡) where � is the

Bockstein homomorphism � : H2(M5,R/Z) ! H
3(M5,Z);

the Bockstein homomorphism � can roughly be regarded as
the exterior derivative d when it acts on torsion elements of
cohomology groups. The end result is that

1
2⇡ ArgZBdC(M5) =

Z
(B/2⇡)�(C/2⇡). (22)

This reproduces a known result. Indeed, the mixed anomaly
is known to be of the form 2⇡i

R
M5

(B/2⇡)d(C/2⇡), whose

3 The eta invariant of the signature operator with such a twist and its reduc-
tion from higher dimensions was considered earlier in the mathematical
literature, see e.g. [34].
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Every physicist knows that the electromagnetic field is de-
scribed classically by the Maxwell equation, and that it is
invariant under the electromagnetic duality S : (E,B) 7!
(B,�E). The properties of the electromagnetic duality in the
quantum theory might not be as well known to physicists in
general, and in fact are not very well understood in the litera-
ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.1 In
this letter, we uncover a feature of the Maxwell theory and
its duality symmetry in such a situation, namely that it has a
quantum anomaly.

We recall that a quantum theory in d+1 dimensions with a
symmetry group G can have a quantum anomaly, in the sense

1 One example is a periodic boundary condition twisted by duality: E(x +
L, y, z) = B(x, y, z) and B(x + L, y, z) = �E(x, y, z). This partic-
ular setup was studied by O. Ganor and his collaborators [1–4], but what
happens in a more general situation remains unanswered, to the authors’
knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [5–7], which
are related to the inherent self-dual nature of the Maxwell theory.
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Let us rewrite its phase.
The phase of the first term can be written in terms of the eta

invariant of the signature operator ⇤d:

1
2⇡ Arg

Z
[DA]top.triviale

⇡i
R
(A/2⇡)(F/2⇡) = � 1

8⌘signature.

(15)
Here and below, the equality of the phase is modulo one and
is simply denoted by =. The phase of the second term can be
rewritten as

1
2⇡ Arg

X

c2H2(M3,Z)
q(c) =: Arf(q) (16)

where c = c1(F ) is the first Chern class of the gauge bundle
and q(c) := e

⇡i
R
(A/2⇡)(F/2⇡).

We note that q(c) is simply the exponentiated level-1 clas-
sical action evaluated at a flat A. As recalled above, defining
it requires something more than an oriented manifold and the
integration on it. Mathematically, q is known as a quadratic
refinement of the torsion pairing on H

2(M3,Z). The Arf in-
variant Arf(q) is defined by the equation above and is known
to take values in one eighth of an integer. We end up with the
formula

1
2⇡ ArgZU(1)CS(M3) = � 1

8⌘signature +Arf(q). (17)

Let us now recall that a chiral boson can be fermionized.
Then the bulk theory can be taken to be the 2+1d fermion with
infinite mass, whose partition function has the phase [31]

1
2⇡ ArgZfermion(M3) = ⌘fermion. (18)

The values of ⌘signature and ⌘fermion on lens spaces are known
in the literature, e.g. [32]. For example, on M3 = S

3
/Z2,

⌘signature = 0, while Arf(q) and ⌘fermion can be either 1/8 or
�1/8, depending on the spin structure. On M3 = S

3
/Z3,

⌘signature = �2/9, Arf(q) = �1/4, and ⌘fermion = �2/9, as
there is a unique spin structure. We indeed confirm

� 1
8⌘signature +Arf(q) = ⌘fermion. (19)

We note that ⌘signature is independent of the spin structure but
Arf(q) does depend on the spin structure. In other words, the
spin structure provides us the quadratic refinement.

THE ANOMALY OF THE MAXWELL THEORY

The analysis of the anomaly of the 1+1d chiral boson we
recalled above was generalized to the (4n � 3) + 1 dimen-
sional self-dual form fields in [33] at the perturbative level.
The study of the corresponding (4n� 2)+1 dimensional the-
ory in the bulk, generalizing the 2+1d Chern-Simons theory,

was carried out in detail in [14–19]. The bulk theory has the
action ⇡i

R
(A/2⇡)d(A/2⇡), where A is now an (2n � 1)-

form gauge field. Assuming H
2n�1(M4n�1,R) = 0, the

phase of the partition function still has the form (17), where
q is now a quadratic refinement of the torsion pairing on
H

2n(M4n�1,Z), and its choice is not obviously related to the
choice of the spin structure.

Here we are more interested in the 3+1d Maxwell the-
ory. The natural generalization in this case is to consider
the bulk theory with the action ⇡i

R
[(B/2⇡)d(C/2⇡) �

(C/2⇡)d(B/2⇡)], where B and C are two 2-form gauge
fields to be path-integrated over. This action has the SL(2,Z)
symmetry acting on (B,C), which corresponds to the dual-
ity symmetry of the Maxwell theory. We can and will intro-
duce the background gauge field ⇢ for this SL(2,Z) symmetry,
which means that there is a nontrivial duality transformation
when going around a nontrivial loop in spacetime. The phase
of the partition function is then

1
2⇡ ArgZBdC(M5) = � 1

4⌘signature +Arf(q) (20)

where the eta invariant is now for the signature operator ⇤d
acting on the differential forms tensored with (Z2)⇢,3 and q is
now the quadratic refinement of the natural torsion pairing on
H

3(M5, (Z2)⇢). Here (Z2)⇢ signifies the coefficient system
twisted by the SL(2,Z) bundle ⇢.

Let us first consider the case where we do not have the
SL(2,Z) background. In this case, the signature eta invariant
simply vanishes, and only the Arf invariant contributes. Re-
call that a quadratic refinement is simply the classical action
evaluated on flat B and C. Then a general quadratic refine-
ment can be written as

Z
B

2⇡

dC

2⇡
+

Z
dB

2⇡

C
2⇡

+

Z B
2⇡

dC

2⇡
, (21)

where B, C 2 H
2(M5,R/2⇡Z) are the background fields

for the electric and magnetic 1-form U(1) symmetry of the
Maxwell theory [35], which we chose to be flat. Its Arf in-
variant is computed to be

R
(B/2⇡)�(C/2⇡) where � is the

Bockstein homomorphism � : H2(M5,R/Z) ! H
3(M5,Z);

the Bockstein homomorphism � can roughly be regarded as
the exterior derivative d when it acts on torsion elements of
cohomology groups. The end result is that

1
2⇡ ArgZBdC(M5) =

Z
(B/2⇡)�(C/2⇡). (22)

This reproduces a known result. Indeed, the mixed anomaly
is known to be of the form 2⇡i

R
M5

(B/2⇡)d(C/2⇡), whose

3 The eta invariant of the signature operator with such a twist and its reduc-
tion from higher dimensions was considered earlier in the mathematical
literature, see e.g. [34].
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Every physicist knows that the electromagnetic field is de-
scribed classically by the Maxwell equation, and that it is
invariant under the electromagnetic duality S : (E,B) 7!
(B,�E). The properties of the electromagnetic duality in the
quantum theory might not be as well known to physicists in
general, and in fact are not very well understood in the litera-
ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.1 In
this letter, we uncover a feature of the Maxwell theory and
its duality symmetry in such a situation, namely that it has a
quantum anomaly.

We recall that a quantum theory in d+1 dimensions with a
symmetry group G can have a quantum anomaly, in the sense

1 One example is a periodic boundary condition twisted by duality: E(x +
L, y, z) = B(x, y, z) and B(x + L, y, z) = �E(x, y, z). This partic-
ular setup was studied by O. Ganor and his collaborators [1–4], but what
happens in a more general situation remains unanswered, to the authors’
knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [5–7], which
are related to the inherent self-dual nature of the Maxwell theory.
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Let us rewrite its phase.
The phase of the first term can be written in terms of the eta

invariant of the signature operator ⇤d:

1
2⇡ Arg

Z
[DA]top.triviale

⇡i
R
(A/2⇡)(F/2⇡) = � 1

8⌘signature.

(15)
Here and below, the equality of the phase is modulo one and
is simply denoted by =. The phase of the second term can be
rewritten as

1
2⇡ Arg

X

c2H2(M3,Z)
q(c) =: Arf(q) (16)

where c = c1(F ) is the first Chern class of the gauge bundle
and q(c) := e

⇡i
R
(A/2⇡)(F/2⇡).

We note that q(c) is simply the exponentiated level-1 clas-
sical action evaluated at a flat A. As recalled above, defining
it requires something more than an oriented manifold and the
integration on it. Mathematically, q is known as a quadratic
refinement of the torsion pairing on H

2(M3,Z). The Arf in-
variant Arf(q) is defined by the equation above and is known
to take values in one eighth of an integer. We end up with the
formula

1
2⇡ ArgZU(1)CS(M3) = � 1

8⌘signature +Arf(q). (17)

Let us now recall that a chiral boson can be fermionized.
Then the bulk theory can be taken to be the 2+1d fermion with
infinite mass, whose partition function has the phase [31]

1
2⇡ ArgZfermion(M3) = ⌘fermion. (18)

The values of ⌘signature and ⌘fermion on lens spaces are known
in the literature, e.g. [32]. For example, on M3 = S

3
/Z2,

⌘signature = 0, while Arf(q) and ⌘fermion can be either 1/8 or
�1/8, depending on the spin structure. On M3 = S

3
/Z3,

⌘signature = �2/9, Arf(q) = �1/4, and ⌘fermion = �2/9, as
there is a unique spin structure. We indeed confirm

� 1
8⌘signature +Arf(q) = ⌘fermion. (19)

We note that ⌘signature is independent of the spin structure but
Arf(q) does depend on the spin structure. In other words, the
spin structure provides us the quadratic refinement.

THE ANOMALY OF THE MAXWELL THEORY

The analysis of the anomaly of the 1+1d chiral boson we
recalled above was generalized to the (4n � 3) + 1 dimen-
sional self-dual form fields in [33] at the perturbative level.
The study of the corresponding (4n� 2)+1 dimensional the-
ory in the bulk, generalizing the 2+1d Chern-Simons theory,

was carried out in detail in [14–19]. The bulk theory has the
action ⇡i

R
(A/2⇡)d(A/2⇡), where A is now an (2n � 1)-

form gauge field. Assuming H
2n�1(M4n�1,R) = 0, the

phase of the partition function still has the form (17), where
q is now a quadratic refinement of the torsion pairing on
H

2n(M4n�1,Z), and its choice is not obviously related to the
choice of the spin structure.

Here we are more interested in the 3+1d Maxwell the-
ory. The natural generalization in this case is to consider
the bulk theory with the action ⇡i

R
[(B/2⇡)d(C/2⇡) �

(C/2⇡)d(B/2⇡)], where B and C are two 2-form gauge
fields to be path-integrated over. This action has the SL(2,Z)
symmetry acting on (B,C), which corresponds to the dual-
ity symmetry of the Maxwell theory. We can and will intro-
duce the background gauge field ⇢ for this SL(2,Z) symmetry,
which means that there is a nontrivial duality transformation
when going around a nontrivial loop in spacetime. The phase
of the partition function is then

1
2⇡ ArgZBdC(M5) = � 1

4⌘signature +Arf(q) (20)

where the eta invariant is now for the signature operator ⇤d
acting on the differential forms tensored with (Z2)⇢,3 and q is
now the quadratic refinement of the natural torsion pairing on
H

3(M5, (Z2)⇢). Here (Z2)⇢ signifies the coefficient system
twisted by the SL(2,Z) bundle ⇢.

Let us first consider the case where we do not have the
SL(2,Z) background. In this case, the signature eta invariant
simply vanishes, and only the Arf invariant contributes. Re-
call that a quadratic refinement is simply the classical action
evaluated on flat B and C. Then a general quadratic refine-
ment can be written as

Z
B

2⇡

dC

2⇡
+

Z
dB

2⇡

C
2⇡

+

Z B
2⇡

dC

2⇡
, (21)

where B, C 2 H
2(M5,R/2⇡Z) are the background fields

for the electric and magnetic 1-form U(1) symmetry of the
Maxwell theory [35], which we chose to be flat. Its Arf in-
variant is computed to be

R
(B/2⇡)�(C/2⇡) where � is the

Bockstein homomorphism � : H2(M5,R/Z) ! H
3(M5,Z);

the Bockstein homomorphism � can roughly be regarded as
the exterior derivative d when it acts on torsion elements of
cohomology groups. The end result is that

1
2⇡ ArgZBdC(M5) =

Z
(B/2⇡)�(C/2⇡). (22)

This reproduces a known result. Indeed, the mixed anomaly
is known to be of the form 2⇡i

R
M5

(B/2⇡)d(C/2⇡), whose

3 The eta invariant of the signature operator with such a twist and its reduc-
tion from higher dimensions was considered earlier in the mathematical
literature, see e.g. [34].
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Â1 = ⌘Dirac =

1
2⇡ ArgZferm(M3) (3)

X

i

c
†
i
ci+1 + h.c. + · · · (4)

U(1) : ci ! e
i�
ci (5)

C : ci ! c
†
i

(6)

T : not exit (7)

U(1) :  ! e
i� (8)

C :  !  ⇤ (9)

T :  ! i�y (10)

C :

✓
�1 0
0 �1

◆
(11)

S :

✓
0 1
�1 0

◆
(12)

T :

✓
1 1
0 1

◆
(13)

ST :

✓
0 1
�1 �1

◆
(14)

r ·E = 4⇡⇢e (15)

r ·B = 4⇡⇢m

r⇥E = �1

c

@B

@t
� 4⇡

c
jm

r⇥B =
1

c

@E

@t
+

4⇡

c
je

r ·B = 4⇡⇢m (16)

IPMU-19-0068
TU-1088

Anomaly of the Electromagnetic Duality of Maxwell Theory

Chang-Tse Hsieh,1, 2 Yuji Tachikawa,1 and Kazuya Yonekura3

1Kavli Institute for the Physics and Mathematics of the Universe (WPI),
University of Tokyo, Kashiwa, Chiba 277-8583, Japan

2Institute for Solid State Physics, University of Tokyo, Kashiwa, Chiba 277-8581, Japan
3Department of Physics, Tohoku University, Sendai 980-8578, Japan

We consider the (3+1)-dimensional Maxwell theory in the situation where going around nontrivial paths in
the spacetime involves the action of the duality transformation exchanging the electric field and the magnetic
field, as well as its SL(2,Z) generalizations. We find that the anomaly of this system in a particular formulation
is 56 times that of a Weyl fermion. This result is derived in two independent ways: one is by using the bulk
symmetry protected topological phase in 4+1 dimensions characterizing the anomaly, and the other is by con-
sidering the properties of a (5+1)-dimensional superconformal field theory known as the E-string theory. This
anomaly of the Maxwell theory plays an important role in the consistency of string theory.

None charge conj. ZC
2 S-duality ZS

4 ST-symm. ZST
3 full EM duality SL(2,Z)

Maxwello 0 0 0 Z9 Z9

MaxwellI 0 Z2 - - -
MaxwellII 0 Z2 - - -
MaxwellIII 0 Z2 - - -
MaxwellIV Z2 Z2 Z4 Z9 Z36

Weyl, G⇥ Zf
2 0 0 Z4 Z9 Z36

Weyl, Gf 0 Z16 Z32 Z9 Z288

TABLE I. Partition functions and related data on S
5
/Zk.

INTRODUCTION

(p1 = � 1
8⇡2 trR

2) (1)

1
2⇡ ArgZU(1)CS(M3) = � 1

8⌘signature +Arf(q) mod 1 (2)

= � 1
8

✓Z

X4; @X4=M3

L1 � �(X4)

◆
+

�
� 1

8�(X4)
�
. (3)

=

Z

X4; @X4=M3
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Anomaly of 2d chiral boson in terms of 3d U(1) 
Chern-Simons theory

The phase of Z is given by [Hsieh-Tachikawa-Yonekura (19, 20)]
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(B,�E). The properties of the electromagnetic duality in the
quantum theory might not be as well known to physicists in
general, and in fact are not very well understood in the litera-
ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.1 In
this letter, we uncover a feature of the Maxwell theory and
its duality symmetry in such a situation, namely that it has a
quantum anomaly.

We recall that a quantum theory in d+1 dimensions with a
symmetry group G can have a quantum anomaly, in the sense

1 One example is a periodic boundary condition twisted by duality: E(x +
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ular setup was studied by O. Ganor and his collaborators [1–4], but what
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knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [5–7], which
are related to the inherent self-dual nature of the Maxwell theory.
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ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.1 In
this letter, we uncover a feature of the Maxwell theory and
its duality symmetry in such a situation, namely that it has a
quantum anomaly.

We recall that a quantum theory in d+1 dimensions with a
symmetry group G can have a quantum anomaly, in the sense

1 One example is a periodic boundary condition twisted by duality: E(x +
L, y, z) = B(x, y, z) and B(x + L, y, z) = �E(x, y, z). This partic-
ular setup was studied by O. Ganor and his collaborators [1–4], but what
happens in a more general situation remains unanswered, to the authors’
knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [5–7], which
are related to the inherent self-dual nature of the Maxwell theory.
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Ø This means 2d chiral boson (0-form gauge field) and 2d chiral fermion have 
the same anomaly (perturb grav anomaly); it is as expected since the two 
theories are actually identical in 2d (traditional sense of “bosonization”).
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Ø Nevertheless, the analysis here can be generalized to higher dimensions, 
where one can still relate the anomalies of p-form gauge fields to those of 
fermions, even though they are different theories! 
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Ø Nevertheless, the analysis here can be generalized to higher dimensions, 

where one can still relate the anomalies of p-form gauge fields to those of 

fermions, even though they are different theories! 

(A formal treatment of generic p-form gauge theories is by using differential     
cohomology [Cheeger-Simons (85); Hopkins-Singer (02); Córdova et al. (19);    

Hsieh-Tachikawa-Yonekura (20); etc.])
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Anomaly of Maxwell theory in terms of 5d top BdC
theory
The 5d bulk theory corresp to Maxwell theory is a TQFT w/ two 2-

form gauge fields:

ØAt the level of differential form, this 5d theory has an 

SL(2, ℤ) symm on (B, C), corresp to duality symm of 

the Maxwell theory.

ØHowever, to make the action sensible when top nontrivial B, C are 

considered, we require the action to be a quadratic refinement of 

(diff-cohomology) paring of B, C, i.e. 2"#q(B, C), which might break
the SL(2, ℤ) symm in general.
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the spacetime involves the action of the duality transformation exchanging the electric field and the magnetic
field and its SL(2,Z) generalizations. We find that the anomaly of this system in a particular formulation is
56 times that of a Weyl fermion. This result is derived in two independent ways: one is by using the bulk SPT
phase in 4+1 dimensions characterizing the anomaly, and the other is by considering the properties of a 5+1
dimensional superconformal field theory known as the E-string theory. This anomaly of the Maxwell theory
plays an important role in the consistency of string theory.
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Every physicist knows that the electromagnetic field is de-
scribed classically by the Maxwell equation, and that it is
invariant under the electromagnetic duality S : (E,B) 7!
(B,�E). The properties of the electromagnetic duality in the
quantum theory might not be as well known to physicists in
general, and in fact are not very well understood in the litera-
ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.1 In

1 One example is a periodic boundary condition twisted by duality: E(x +
L, y, z) = B(x, y, z) and B(x + L, y, z) = �E(x, y, z). This partic-
ular setup was studied by O. Ganor and his collaborators [1–4], but what
happens in a more general situation remains unanswered, to the authors’
knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [5–7], which
are related to the inherent self-dual nature of the Maxwell theory.

BdC theory Maxwell 

theory

[Verlinde (95); Kravec-McGreevy-Swingle (13]



Anomaly of Maxwell theory in terms of 5d top BdC
theory
• The choice of quadratic refinement q(B, C) is not unique, and in 

general we have

• For X=Y=0, q(0, 0) (B, C) is SL(2, ℤ) invariant only on spin-manifolds. 
Its boundary theory is the ordinary Maxwell theory.

• q(X, Y) (B, C) can be made SL(2, ℤ) invariant on any 5d manifold if we 
take X/2" = Y/2" = w2 (2nd Stiefel-Whitney class of M5). In this case 
the corresp boundary theory is all-fermion ED.

[Witten (98); Gomi (04)]



Anomaly of Maxwell theory in terms of 5d top BdC
theory
• The phase of the part func is [Hsieh-Tachikawa-Yonekura (19, 20)]

• Before coupling this system to any (duality) symm background, let’s 
see what the phase can tell us. In this situation,

• Taking X/2! = Y/2! = w2 (i.e. all-fermion ED), we  get
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Every physicist knows that the electromagnetic field is de-
scribed classically by the Maxwell equation, and that it is
invariant under the electromagnetic duality S : (E,B) 7!
(B,�E). The properties of the electromagnetic duality in the
quantum theory might not be as well known to physicists in
general, and in fact are not very well understood in the litera-
ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.1 In

1 One example is a periodic boundary condition twisted by duality: E(x +
L, y, z) = B(x, y, z) and B(x+L, y, z) = �E(x, y, z). This particular
setup was studied by O. Ganor and his collaborators [? ? ? ? ], but what
happens in a more general situation remains unanswered, to the authors’
knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [? ? ? ],
which are related to the inherent self-dual nature of the Maxwell theory.
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Every physicist knows that the electromagnetic field is de-
scribed classically by the Maxwell equation, and that it is
invariant under the electromagnetic duality S : (E,B) 7!

= ±1 (a Z2 grav anomaly)=1

3

trivial but non-flat part. Assuming for simplicity that flat con-
nections on M3 are isolated, we have
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Let us rewrite its phase.
The phase of the first term can be written in terms of the eta

invariant of the signature operator ⇤d:

1
2⇡ Arg

Z
[DA]top.triviale

⇡i
R
(A/2⇡)(F/2⇡) = � 1

8⌘signature.

(16)
Here and below, the equality of the phase is modulo one and
is simply denoted by =. The phase of the second term can be
rewritten as

1
2⇡ Arg

X

c2H2(M3,Z)
q(c) =: Arf(q) (17)

where c = c1(F ) is the first Chern class of the gauge bundle
and q(c) := e

⇡i
R
(A/2⇡)(F/2⇡).

We note that q(c) is simply the exponentiated level-1 clas-
sical action evaluated at a flat A. As recalled above, defining
it requires something more than an oriented manifold and the
integration on it. Mathematically, q is known as a quadratic
refinement of the torsion pairing on H

2(M3,Z). The Arf in-
variant Arf(q) is defined by the equation above and is known
to take values in one eighth of an integer. We end up with the
formula

1
2⇡ ArgZU(1)CS(M3) = � 1

8⌘signature +Arf(q). (18)

Let us now recall that a chiral boson can be fermionized.
Then the bulk theory can be taken to be the 2+1d fermion with
infinite mass, whose partition function has the phase [31]

1
2⇡ ArgZfermion(M3) = ⌘fermion. (19)

The values of ⌘signature and ⌘fermion on lens spaces are known
in the literature, e.g. [32]. For example, on M3 = S

3
/Z2,

⌘signature = 0, while Arf(q) and ⌘fermion can be either 1/8 or
�1/8, depending on the spin structure. On M3 = S

3
/Z3,

⌘signature = �2/9, Arf(q) = �1/4, and ⌘fermion = �2/9, as
there is a unique spin structure. We indeed confirm

� 1
8⌘signature +Arf(q) = ⌘fermion. (20)

We note that ⌘signature is independent of the spin structure but
Arf(q) does depend on the spin structure. In other words, the
spin structure provides us the quadratic refinement.

THE ANOMALY OF THE MAXWELL THEORY

The analysis of the anomaly of the 1+1d chiral boson we
recalled above was generalized to the (4n � 3) + 1 dimen-
sional self-dual form fields in [33] at the perturbative level.
The study of the corresponding (4n� 2)+1 dimensional the-
ory in the bulk, generalizing the 2+1d Chern-Simons theory,
was carried out in detail in [14–19]. The bulk theory has the
action ⇡i

R
(A/2⇡)d(A/2⇡), where A is now an (2n � 1)-

form gauge field. Assuming H
2n�1(M4n�1,R) = 0, the

phase of the partition function still has the form (18), where
q is now a quadratic refinement of the torsion pairing on
H

2n(M4n�1,Z), and its choice is not obviously related to the
choice of the spin structure.

Here we are more interested in the 3+1d Maxwell the-
ory. The natural generalization in this case is to consider
the bulk theory with the action ⇡i

R
[(B/2⇡)d(C/2⇡) �

(C/2⇡)d(B/2⇡)], where B and C are two 2-form gauge
fields to be path-integrated over. This action has the SL(2,Z)
symmetry acting on (B,C), which corresponds to the dual-
ity symmetry of the Maxwell theory. We can and will intro-
duce the background gauge field ⇢ for this SL(2,Z) symmetry,
which means that there is a nontrivial duality transformation
when going around a nontrivial loop in spacetime. The phase
of the partition function is then

1
2⇡ ArgZBdC(M5) = � 1

4⌘signature +Arf(q) (21)

where the eta invariant is now for the signature operator ⇤d
acting on the differential forms tensored with (Z2)⇢,3 and q is
now the quadratic refinement of the natural torsion pairing on
H

3(M5, (Z2)⇢). Here (Z2)⇢ signifies the coefficient system
twisted by the SL(2,Z) bundle ⇢.

Let us first consider the case where we do not have the
SL(2,Z) background. In this case, the signature eta invariant
simply vanishes, and only the Arf invariant contributes. Re-
call that a quadratic refinement is simply the classical action
evaluated on flat B and C. Then a general quadratic refine-
ment can be written as

Z
B
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dC

2⇡
+

Z
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2⇡

C
2⇡

+

Z B
2⇡

dC

2⇡
, (22)

where B, C 2 H
2(M5,R/2⇡Z) are the background fields

for the electric and magnetic 1-form U(1) symmetry of the
Maxwell theory [35], which we chose to be flat. Its Arf in-
variant is computed to be

R
(B/2⇡)�(C/2⇡) where � is the

3 The eta invariant of the signature operator with such a twist and its reduc-
tion from higher dimensions was considered earlier in the mathematical
literature, see e.g. [34].

5

S
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/Z2 S

5
/Z3 S

5
/Z4 S

5
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9 � 1

2 � 14
9

H
3(M5, (Z2)⇢) (Z2)

2 Z3 Z2 Z1

Arf(q) + 1
2 � 1

4 + 1
8 0

1
2⇡ ArgZ + 1

2 � 2
9 + 1

4 + 7
18

⌘fermion � 1
16 � 1

9 � 5
32 � 35

144

TABLE II. Partition functions and related data on S
5
/Zk.

now the quadratic refinement of the natural torsion pairing on
H

3(M5, (Z2)⇢). Here, (Z2)⇢ signifies the coefficient system
twisted by the SL(2,Z) bundle ⇢. The eta invariant of the sig-
nature operator with such a twist and its reduction from higher
dimensions were considered earlier in the mathematical liter-
ature; see, e.g., [? ].

Let us first consider the case where we do not have the
SL(2,Z) background. In this case, the signature eta invariant
simply vanishes, and only the Arf invariant contributes. Re-
call that a quadratic refinement is simply the classical action
evaluated on flat B and C. Then a general quadratic refine-
ment can be written as

Z
B
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dC

2⇡
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Z
dB

2⇡

C
2⇡

+

Z B
2⇡

dC

2⇡
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where B, C 2 H
2(M5,R/2⇡Z) are the background fields

for the electric and magnetic 1-form U(1) symmetry of the
Maxwell theory [? ], which we chose to be flat. Its Arf
invariant is computed to be

R
(B/2⇡)�(C/2⇡) where � is the

Bockstein homomorphism � : H2(M5,R/Z) ! H
3(M5,Z);

the Bockstein homomorphism � can roughly be regarded as
the exterior derivative d when it acts on torsion elements of
cohomology groups. The end result is that

1
2⇡ ArgZBdC(M5) =

Z
(B/2⇡)�(C/2⇡). (49)

This reproduces a known result. Indeed, the mixed anomaly
is known to be of the form 2⇡i

R
M5

(B/2⇡)d(C/2⇡), for which
the mathematically precise formulation [? ] reduces to
Eq. (49) when we only consider flat fields. Furthermore, we
can take B/2⇡ = C/2⇡ = w2, where w2 is the Stiefel-
Whitney class of the spacetime and regarded as an element
of H2(M5,R/Z) by using Z2 ! R/Z. The Maxwell theory
with this coupling is also known as the all-fermion electrody-
namics, and it has the gravitational anomaly 2⇡i

R
w2�w2 =

⇡i
R
w2w3 [? ? ].

Let us next consider the case when a nontrivial SL(2,Z)
background is present. We can choose the symmetry structure
on M5 to consider, such as spin ⇥ SL(2,Z) or spin-Mp(2,Z)
[:= spin⇥Z2 Mp(2,Z)], distinguished by whether C2 = +1
or = (�1)F . Here, C 2 SL(2,Z) is the charge conjugation
C : (E,B) 7! �(E,B), and the metaplectic group Mp(2,Z)
is the double cover of the group SL(2,Z). We will focus on

the latter case in this Letter, as it has a natural connection to
the(6+1)-dimensional CdC theory on a spin 7-manifold as
we will see. Canonical examples of M5 associated with this
symmetry structure are S

5
/Zk, k = 2, 3, 4, and 6, where go-

ing around the generator of ⇡1(S5
/Zk) = Zk comes with the

duality action by an element g of order k in SL(2,Z). While
S
5
/Zk is not spin for even k, it has a natural spin-Z2k struc-

ture for any k by embedding S
5
/Zk ⇢ C3

/Zk. Then, we get
the spin-Mp(2,Z) structure by embedding Z2k ⇢ Mp(2,Z).
The results of explicit computations for Eq. (47) are tabulated
in Table II. When there are multiple choices for g or q, we
choose a particular one. Other quadratic refinements corre-
spond to different background fields (B, C) for electromag-
netic 1-form symmetries.

When k = 2, the relevant element in SL(2,Z) is just the
charge conjugation symmetry C. This case has the anomaly
1
2⇡ ArgZ = 1/2 on S

5
/Z2. This is responsible for the differ-

ence 1/2 of the Ramond-Ramond (RR) charges of the O3+-
plane and O3�-plane in Type-IIB string theory [? ]. As ex-
plained in [? ], for the consistency of the theory, the fractional
part of the RR charge must be exactly negative of the anomaly
of a D3-brane living on S

5
/Z2. The background (B, C) pro-

duced by O3± is such that only the O3� leads to the anomaly
of the Maxwell theory, explaining the difference of the RR
charges; we note that the charge 1/4 of the O3+-plane was
already explained by the fermion anomaly [? ]. We can also
check that the resulting 1

2⇡ ArgZ for other k is exactly what
is necessary to reproduce the RR charge of the N=3 S-fold [?
? ].

Let us now consider the infinitely massive fermions encod-
ing the anomaly of a (3+1)-dimensional Weyl fermion of unit
charge under Z2k, which was studied in [? ? ? ]. The cor-
responding eta invariants on S

5
/Zk are also tabulated in Ta-

ble II. We can check that the relation

� 1
4⌘signature +Arf(q) = 56⌘fermion (50)

holds for the choices of the Arf invariants given in Table II.

WHY 56?

Relation (50) about the anomaly of the Maxwell theory and
56 Weyl fermions in 3+1 dimensions reminds us of the re-
lation Eq. (46) about the anomaly of a chiral boson and a
chiral fermion in 1+1 dimensions. In the latter case, the
equality should evidently hold because a chiral fermion can
be bosonized to a chiral boson in 1+1 dimensions. It also ex-
plained the reason how and why the spin structure could be
used to define the quadratic refinement necessary to formulate
the integrand of the U(1) Chern-Simons theory. In 3+1 di-
mensions, however, the Maxwell theory and 56 Weyl fermions
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e
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None charge conj. ZC
2 S-duality ZS

4 ST-symm. ZST
3 full EM duality SL(2,Z)

Maxwello 0 0 0 Z9 Z9

MaxwellI 0 Z2 Z4 - -
MaxwellII 0 Z2 - - -
MaxwellIII 0 Z2 - - -
MaxwellIV Z2 Z2 Z4 Z9 Z36

Weyl, G⇥ Zf
2 0 0 Z4 Z9 Z36

Weyl, Gf 0 Z16 Z32 Z9 Z288

TABLE I. Partition functions and related data on S
5
/Zk.

TK: No onsite rep.
TK:  ! i�y 

T : No on-site rep. (11)

1
2⇡ ArgZCdC(M7) = � 1

8⌘signature +Arf(q) = 28⌘Dirac (12)

= 28⇥ 1
2⇡ ArgZferm(M7)

indep of ⌧ , ⌧̄

�(QD/~) = � 1

96⇡2

Z
t2

t1

Z

⌃
dx

4p�gRµ⌫⇢�
?
R

µ⌫⇢� (13)

E ! cos ✓E+ sin ✓B (14)

B ! � sin ✓E+ cos ✓B (15)

(E,B) ! (B,�E) (16)

|Quantum Matteri (17)



Anomaly of Maxwell theory in terms of 5d top BdC
theory
• Now we consider the case when a nontrivial SL(2, ℤ) background is 

present. Note that there are multiple choices of the symm structure, 
depending on the value of charge-conjugation square C2 (=S4)



Anomaly of Maxwell theory in terms of 5d top BdC
theory
• Now we consider the case when a nontrivial SL(2, ℤ) background is 

present. Note that there are multiple choices of the symm structure, 
depending on the value of charge-conjugation square C2 (=S4)

• Let’s focus on the case C2  = (−1)F, the ferm number parity. The 
corresp symm structure is 

where the metaplectic group Mp(2, ℤ) is the double cover of SL(2, ℤ)
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We consider the 3+1 dimensional Maxwell theory in the situation where going around nontrivial paths in
the spacetime involves the action of the duality transformation exchanging the electric field and the magnetic
field and its SL(2,Z) generalizations. We find that the anomaly of this system in a particular formulation is
56 times that of a Weyl fermion. This result is derived in two independent ways: one is by using the bulk SPT
phase in 4+1 dimensions characterizing the anomaly, and the other is by considering the properties of a 5+1
dimensional superconformal field theory known as the E-string theory. This anomaly of the Maxwell theory
plays an important role in the consistency of string theory.
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[(B/2⇡)d(C/2⇡)� (C/2⇡)d(B/2⇡)]

⌘signature = 0 (15)

Arf(q) =
1

2

Z
(X/2⇡)d(Y/2⇡). (16)

X,Y 2 H
2(M5,U(1)) (17)

ZBdC(M5) = |ZBdC(M5)|e⇡i
R
w2w3 (18)

spin-Mp(2,Z) := (spin ⇥Mp(2,Z))/Z2 (19)

3.5. Remark on the spin structure dependence of the anomaly

In many situations the duality group arises from compactification of a higher dimen-

sional theory on a torus. The above result for the anomaly, n = c/2, was derived under

the assumption that there is no spin structure dependence on the torus. However, often

such a compactification does depend on the choice of spin structure. A simple example is

the free 6d Weyl fermion compactified on a torus.

The spin structures on the torus fall into two classes, three even spin structures and

a single odd spin structure. In the even spin structures the spinors have anti-periodic

boundary condition around some of the directions; the direction does not matter because

they can be exchanged by SL(2,Z). In the odd spin structure the spinors have periodic

boundary conditions in all directions.

The odd spin structure is more interesting, because after the compactification on the

torus it leads to massless fermions. Also, it is unique and therefore we expect SL(2,Z) to

act simply. However, there are some changes from the above discussions.

First, SL(2,Z) should be replaced by its spin double cover, defined as

Mp(2,Z) := !S, T | S2 = (T!1S)3, S8 = 1" . (3.8)

The one dimensional representations of this group are as in (2.8), except that now n can

also be half-integer. The basic representation is !1/2(T ) = e!2!i/24 and !1/2(S) = e!2!i/8.

It corresponds to the line bundle L1/2.

Second, unlike the previous discussion about the comparison with two-dimensional

conformal field theories, here the action of T is e!2!ic!/24, and again n = c"/2, but now

#c"/24 is the ground state energy of the 2d CFT in the Ramond-sector and in general

it di!ers from the central extension c of the Virasoro algebra. For example, a single 2d

Majorana-Weyl fermion has c = 1/2 and c" = #1. Thus a Majorana-Weyl fermion has the

smallest possible absolute value of n.

4. 6d perspective and higher-genus extension

4.1. 4d Maxwell, 6d self-dual tensor and 2d chiral bosons

The anomaly in SL(2,Z) of 4d Maxwell theory can also be understood from a 6d

perspective. A 4d U(1) gauge theory results from putting a 6d self-dual tensor field on a
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theory
• Canonical examples are 5d lens spaces S5/ℤk, k = 2, 3, 4, 6, where 

going around the generator of π1(S5/ℤk) = ℤk comes with the duality 
action by an element of order k in SL(2, ℤ)

• Observation: on (some) S5/ℤk’s, we have the following fact

4

S
5
/Z2 S

5
/Z3 S

5
/Z4 S

5
/Z6

⌘signature 0 � 1
9 � 1

2 � 14
9

H
3(M5, (Z2)⇢) (Z2)

2 Z3 Z2 Z1

Arf(q) + 1
2 � 1

4 + 1
8 0

1
2⇡ ArgZ + 1

2 � 2
9 + 1

4 + 7
18

⌘fermion � 1
16 � 1

9 � 5
32 � 35

144

TABLE I. Partition functions and related data on S
5
/Zk.

Let us first consider the case where we do not have the
SL(2,Z) background. In this case, the signature eta invariant
simply vanishes, and only the Arf invariant contributes. Re-
call that a quadratic refinement is simply the classical action
evaluated on flat B and C. Then a general quadratic refine-
ment can be written as

Z
B

2⇡

dC

2⇡
+

Z
dB

2⇡

C
2⇡

+

Z B
2⇡

dC

2⇡
, (27)

where B, C 2 H
2(M5,R/2⇡Z) are the background fields

for the electric and magnetic 1-form U(1) symmetry of the
Maxwell theory [35], which we chose to be flat. Its Arf in-
variant is computed to be

R
(B/2⇡)�(C/2⇡) where � is the

Bockstein homomorphism � : H2(M5,R/Z) ! H
3(M5,Z);

the Bockstein homomorphism � can roughly be regarded as
the exterior derivative d when it acts on torsion elements of
cohomology groups. The end result is that

1
2⇡ ArgZBdC(M5) =

Z
(B/2⇡)�(C/2⇡). (28)

This reproduces a known result. Indeed, the mixed anomaly
is known to be of the form 2⇡i

R
M5

(B/2⇡)d(C/2⇡), whose
mathematically precise formulation [36] reduces to (28) when
we only consider flat fields. Furthermore, we can take
B/2⇡ = C/2⇡ = w2 where w2 is the Stiefel-Whitney class of
the spacetime, here regarded as an element of H2(M5,R/Z)
by using Z2 ! R/Z. The Maxwell theory with this cou-
pling is also known as the all-fermion electrodynamics, and
is known to have the gravitational anomaly 2⇡i

R
w2�w2 =

⇡i
R
w2w3 [11, 12].

Let us next consider the case when a nontrivial SL(2,Z)
background is present. In this situation, there are multi-
ple choices of the symmetry structure on M5 we can con-
sider: SO⇥ SL(2,Z), spin ⇥ SL(2,Z), or spin-Mp(2,Z) (:=
spin⇥Z2 Mp(2,Z)), where the metaplectic group Mp(2,Z) is
the double cover of the group SL(2,Z). We will focus on the
last case in this letter, as it has a natural connection to the 6+1d
CdC theory on a spin 7-manifold as we will see later. Canon-
ical examples of M5 associated with this symmetry structure
are S

5
/Zk, k = 2, 3, 4, 6, where going around the generator

of ⇡1(S5
/Zk) = Zk comes with the duality action by an el-

ement g of order k in SL(2,Z); While S
5
/Zk is not spin for

even k, it has a natural spin-Z2k structure for any k by em-
bedding S

5
/Zk ⇢ C3

/Zk. The results of explicit computa-
tions for (26) are tabulated in Table I. When there are multiple
choices for g or q, we chose a particular one. Other quadratic
refinements correspond to different background fields (B, C)
for electromagnetic 1-form symmetries.

When k = 2, the relevant element C 2 SL(2,Z) is just the
charge conjugation symmetry C : (E,B) 7! �(E,B) of the
Maxwell theory. This case has the anomaly 1

2⇡ ArgZ = 1/2
on S

5
/Z2. This is responsible for the difference of the RR

charges of the O3+-plane and O3�-plane in Type-IIB string
theory [37]. As explained in [38], for the consistency of the
theory, the fractional part of the RR charge must be exactly
negative of the anomaly of a D3-brane living on S

5
/Z2. The

difference between the O3+ charge and the O3� charge is
1/2. The background (B, C) produced by O3± is such that
only the O3� leads to the anomaly of the Maxwell theory, ex-
plaining the difference of the RR charges; we note that the
charge 1/4 of the O3+-plane was already explained by the
fermion anomaly [38]. We can also check that the resulting
1
2⇡ ArgZ for other values of k is exactly what is necessary to
reproduce the RR charge of the N=3 S-fold [39, 40].

Let us now consider the infinitely massive fermions encod-
ing the anomaly of a 3+1d Weyl fermion of unit charge under
Z2k, which was studied in [41–43]. The corresponding eta in-
variants on S

5
/Zk are also tabulated in Table I. We can check

that the relation

� 1
4⌘signature +Arf(q) = 56⌘fermion (29)

holds for the choices of the Arf invariants given in Table I.

WHY 56?

The relation (29) about the anomaly of the Maxwell the-
ory and 56 Weyl fermions in 3+1 dimensions reminds us of
the relation (25) about the anomaly of a chiral boson and
a chiral fermion in 1+1 dimensions. In the latter case, the
equality should evidently hold because a chiral fermion can
be bosonized to a chiral boson in 1+1 dimensions. It also ex-
plained the reason how and why the spin structure could be
used to define the quadratic refinement necessary to formulate
the integrand of the U(1) Chern-Simons theory. In 3+1 di-
mensions, however, the Maxwell theory and 56 Weyl fermions
are two clearly different theories. What is the relation? How
and why does the spin (or more precisely the spin-Z2k) struc-
ture provide the necessary quadratic refinement? One expla-
nation is provided, somewhat surprisingly, by supersymmetric
physics in 5+1 dimensions, thanks to the recent better under-
standing of the anomalies there.

3

trivial but non-flat part. Assuming for simplicity that flat con-
nections on M3 are isolated, we have
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#
. (15)

Let us rewrite its phase.
The phase of the first term can be written in terms of the eta

invariant of the signature operator ⇤d:

1
2⇡ Arg

Z
[DA]top.triviale

⇡i
R
(A/2⇡)(F/2⇡) = � 1

8⌘signature.

(16)
Here and below, the equality of the phase is modulo one and
is simply denoted by =. The phase of the second term can be
rewritten as

1
2⇡ Arg

X

c2H2(M3,Z)
q(c) =: Arf(q) (17)

where c = c1(F ) is the first Chern class of the gauge bundle
and q(c) := e

⇡i
R
(A/2⇡)(F/2⇡).

We note that q(c) is simply the exponentiated level-1 clas-
sical action evaluated at a flat A. As recalled above, defining
it requires something more than an oriented manifold and the
integration on it. Mathematically, q is known as a quadratic
refinement of the torsion pairing on H

2(M3,Z). The Arf in-
variant Arf(q) is defined by the equation above and is known
to take values in one eighth of an integer. We end up with the
formula

1
2⇡ ArgZU(1)CS(M3) = � 1

8⌘signature +Arf(q). (18)

Let us now recall that a chiral boson can be fermionized.
Then the bulk theory can be taken to be the 2+1d fermion with
infinite mass, whose partition function has the phase [31]

1
2⇡ ArgZfermion(M3) = ⌘fermion. (19)

The values of ⌘signature and ⌘fermion on lens spaces are known
in the literature, e.g. [32]. For example, on M3 = S

3
/Z2,

⌘signature = 0, while Arf(q) and ⌘fermion can be either 1/8 or
�1/8, depending on the spin structure. On M3 = S

3
/Z3,

⌘signature = �2/9, Arf(q) = �1/4, and ⌘fermion = �2/9, as
there is a unique spin structure. We indeed confirm

� 1
8⌘signature +Arf(q) = ⌘fermion. (20)

We note that ⌘signature is independent of the spin structure but
Arf(q) does depend on the spin structure. In other words, the
spin structure provides us the quadratic refinement.

THE ANOMALY OF THE MAXWELL THEORY

The analysis of the anomaly of the 1+1d chiral boson we
recalled above was generalized to the (4n � 3) + 1 dimen-
sional self-dual form fields in [33] at the perturbative level.
The study of the corresponding (4n� 2)+1 dimensional the-
ory in the bulk, generalizing the 2+1d Chern-Simons theory,
was carried out in detail in [14–19]. The bulk theory has the
action ⇡i

R
(A/2⇡)d(A/2⇡), where A is now an (2n � 1)-

form gauge field. Assuming H
2n�1(M4n�1,R) = 0, the

phase of the partition function still has the form (18), where
q is now a quadratic refinement of the torsion pairing on
H

2n(M4n�1,Z), and its choice is not obviously related to the
choice of the spin structure.

Here we are more interested in the 3+1d Maxwell the-
ory. The natural generalization in this case is to consider
the bulk theory with the action ⇡i

R
[(B/2⇡)d(C/2⇡) �

(C/2⇡)d(B/2⇡)], where B and C are two 2-form gauge
fields to be path-integrated over. This action has the SL(2,Z)
symmetry acting on (B,C), which corresponds to the dual-
ity symmetry of the Maxwell theory. We can and will intro-
duce the background gauge field ⇢ for this SL(2,Z) symmetry,
which means that there is a nontrivial duality transformation
when going around a nontrivial loop in spacetime. The phase
of the partition function is then

1
2⇡ ArgZBdC(M5) = � 1

4⌘signature +Arf(q) (21)

where the eta invariant is now for the signature operator ⇤d
acting on the differential forms tensored with (Z2)⇢,3 and q is
now the quadratic refinement of the natural torsion pairing on
H

3(M5, (Z2)⇢). Here (Z2)⇢ signifies the coefficient system
twisted by the SL(2,Z) bundle ⇢.

Let us first consider the case where we do not have the
SL(2,Z) background. In this case, the signature eta invariant
simply vanishes, and only the Arf invariant contributes. Re-
call that a quadratic refinement is simply the classical action
evaluated on flat B and C. Then a general quadratic refine-
ment can be written as

Z
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dC

2⇡
+

Z
dB

2⇡

C
2⇡

+

Z B
2⇡

dC

2⇡
, (22)

where B, C 2 H
2(M5,R/2⇡Z) are the background fields

for the electric and magnetic 1-form U(1) symmetry of the
Maxwell theory [35], which we chose to be flat. Its Arf in-
variant is computed to be

R
(B/2⇡)�(C/2⇡) where � is the

3 The eta invariant of the signature operator with such a twist and its reduc-
tion from higher dimensions was considered earlier in the mathematical
literature, see e.g. [34].

2

spin-Mp(2,Z) (:= spin ⇥Z2 Mp(2,Z)

= 56⌘fermion mod 1 (20)

Every physicist knows that the electromagnetic field is de-
scribed classically by the Maxwell equation, and that it is
invariant under the electromagnetic duality S : (E,B) 7!
(B,�E). The properties of the electromagnetic duality in the
quantum theory might not be as well known to physicists in
general, and in fact are not very well understood in the litera-
ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.1 In
this letter, we uncover a feature of the Maxwell theory and
its duality symmetry in such a situation, namely that it has a
quantum anomaly.

We recall that a quantum theory in d+1 dimensions with a
symmetry group G can have a quantum anomaly, in the sense
that its partition function has a controllable phase ambigu-
ity. Our modern understanding is that such a theory is better
thought of as living on the boundary of a symmetry protected
topological phase (SPT phase) in the (d+1)+ 1 dimensional
bulk. It was noticed in the last few years in [8–12] that a ver-
sion of the Maxwell theory, often called the all-fermion elec-
trodynamics, where all particles of odd charge are fermions,
has a global gravitational anomaly and lives on the boundary
of a certain bulk SPT phase. As we will see, this result is a
special case of the anomaly and the corresponding bulk SPT
phase we find for the duality symmetry.

We study the anomaly and the bulk SPT phase by imitat-
ing the relationship between the 1 + 1d chiral boson and the
2 + 1d U(1)1 Chern-Simons theory and its generalization to
(4n+1)+ 1d self-dual form field and the (4n+2)+ 1d bulk
theory, studied e.g. in [13–19]. The essential point is that the
3 + 1d Maxwell theory with a nontrivial background for its
duality symmetry is a self-dual field, and we can utilize the
techniques developed in the papers listed above to study it.
One of our main messages is that the subtle and interesting is-
sues concerning the self-dual fields studied in the past already
manifest themselves in the case of the Maxwell theory, once
the non-trivial background for its duality symmetry is turned
on.

1 One example is a periodic boundary condition twisted by duality: E(x +
L, y, z) = B(x, y, z) and B(x + L, y, z) = �E(x, y, z). This partic-
ular setup was studied by O. Ganor and his collaborators [1–4], but what
happens in a more general situation remains unanswered, to the authors’
knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [5–7], which
are related to the inherent self-dual nature of the Maxwell theory.

Before proceeding, we note that the electromagnetic dual-
ity group in the quantum theory is in fact SL(2,Z) acting on
the lattice Z2 of the electric and magnetic charges. Its effect
on the Maxwell theory on a curved manifold was carefully
analyzed in [20] and it was interpreted as a mixed SL(2,Z)-
gravitational anomaly in [21]. Our result in this paper can be
considered as the determination of the pure SL(2,Z) part of
the anomaly.

Our computation shows that the anomaly of the Maxwell
theory is 56 times that of a Weyl fermion, in a certain pre-
cise formulation of the duality. Where does this number 56
come from? We will provide an answer using the property of a
5+1d superconformal field theory originally found in [22, 23]
known as the E-string theory; the name comes from the fact
that it has E8 global symmetry. The E-string theory has two
branches of vacua, called the tensor branch and the Higgs
branch. On the Higgs branch the E8 symmetry is Higgsed to
E7, which acts on 28 fermions via its 56 dimensional funda-
mental representation.2 When one moves to the tensor branch,
the E8 symmetry is restored and a self-dual tensor field ap-
pears. By compactifying this system on T

2, one finds that one
Maxwell field is continuously connected to 56 Weyl fermions,
showing that they should have the same anomaly. The electro-
magnetic duality is formulated as the SL(2,Z) acting on this
torus T 2, and the above statement about the anomaly is valid
if the E8 background field is turned off.

The rest of the paper is organized as follows. We start by
recalling how the anomaly of a 1+1d chiral boson is captured
by the phase of the partition function of the 2+1d U(1) Chern-
Simons theory at level 1. We outline the path integral com-
putation of its phase, and how this can be matched with the
anomaly of a 1+1d chiral fermion. We then adapt this dis-
cussion to the anomaly of the 3+1d Maxwell theory and the
corresponding 4+1d bulk BdC theory. We will see that the
anomaly computed in this way reproduces the known anomaly
when the SL(2,Z) background is trivial. We then consider
the case of nontrivial SL(2,Z) backgrounds on S

5
/Zk, for

k = 2, 3, 4, 6, and note that the resulting phase is equal to 56
times that of a charged Weyl fermion. This plays an important
role in the consistency of the O3�-plane and its generaliza-
tions. Finally we explain why the anomaly of the Maxwell
theory has to be 56 times that of a charged Weyl fermion,
in terms of the six-dimensional superconformal field theory
known as the E-string theory. More details will be provided
in a longer version of the paper [24].

2 A pseudo-real representation R with dimR = 2k can act on k fermions
in 5 + 1d because the spin representation S in 5 + 1d is pseudo-real and
we can impose the Majorana condition on R⌦ S.
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Every physicist knows that the electromagnetic field is de-
scribed classically by the Maxwell equation, and that it is
invariant under the electromagnetic duality S : (E,B) 7!
(B,�E). The properties of the electromagnetic duality in the
quantum theory might not be as well known to physicists in
general, and in fact are not very well understood in the litera-
ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.1 In
this letter, we uncover a feature of the Maxwell theory and
its duality symmetry in such a situation, namely that it has a
quantum anomaly.

We recall that a quantum theory in d+1 dimensions with a
symmetry group G can have a quantum anomaly, in the sense
that its partition function has a controllable phase ambigu-
ity. Our modern understanding is that such a theory is better
thought of as living on the boundary of a symmetry protected
topological phase (SPT phase) in the (d+1)+ 1 dimensional
bulk. It was noticed in the last few years in [8–12] that a ver-
sion of the Maxwell theory, often called the all-fermion elec-
trodynamics, where all particles of odd charge are fermions,
has a global gravitational anomaly and lives on the boundary
of a certain bulk SPT phase. As we will see, this result is a
special case of the anomaly and the corresponding bulk SPT
phase we find for the duality symmetry.

We study the anomaly and the bulk SPT phase by imitat-
ing the relationship between the 1 + 1d chiral boson and the
2 + 1d U(1)1 Chern-Simons theory and its generalization to
(4n+1)+ 1d self-dual form field and the (4n+2)+ 1d bulk
theory, studied e.g. in [13–19]. The essential point is that the
3 + 1d Maxwell theory with a nontrivial background for its
duality symmetry is a self-dual field, and we can utilize the
techniques developed in the papers listed above to study it.

1 One example is a periodic boundary condition twisted by duality: E(x +
L, y, z) = B(x, y, z) and B(x + L, y, z) = �E(x, y, z). This partic-
ular setup was studied by O. Ganor and his collaborators [1–4], but what
happens in a more general situation remains unanswered, to the authors’
knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [5–7], which
are related to the inherent self-dual nature of the Maxwell theory.

One of our main messages is that the subtle and interesting is-
sues concerning the self-dual fields studied in the past already
manifest themselves in the case of the Maxwell theory, once
the non-trivial background for its duality symmetry is turned
on.

Before proceeding, we note that the electromagnetic dual-
ity group in the quantum theory is in fact SL(2,Z) acting on
the lattice Z2 of the electric and magnetic charges. Its effect
on the Maxwell theory on a curved manifold was carefully
analyzed in [20] and it was interpreted as a mixed SL(2,Z)-
gravitational anomaly in [21]. Our result in this paper can be
considered as the determination of the pure SL(2,Z) part of
the anomaly.

Our computation shows that the anomaly of the Maxwell
theory is 56 times that of a Weyl fermion, in a certain pre-
cise formulation of the duality. Where does this number 56
come from? We will provide an answer using the property of a
5+1d superconformal field theory originally found in [22, 23]
known as the E-string theory; the name comes from the fact
that it has E8 global symmetry. The E-string theory has two
branches of vacua, called the tensor branch and the Higgs
branch. On the Higgs branch the E8 symmetry is Higgsed to
E7, which acts on 28 fermions via its 56 dimensional funda-
mental representation.2 When one moves to the tensor branch,
the E8 symmetry is restored and a self-dual tensor field ap-
pears. By compactifying this system on T

2, one finds that one
Maxwell field is continuously connected to 56 Weyl fermions,
showing that they should have the same anomaly. The electro-
magnetic duality is formulated as the SL(2,Z) acting on this
torus T 2, and the above statement about the anomaly is valid
if the E8 background field is turned off.

The rest of the paper is organized as follows. We start by
recalling how the anomaly of a 1+1d chiral boson is captured
by the phase of the partition function of the 2+1d U(1) Chern-
Simons theory at level 1. We outline the path integral com-
putation of its phase, and how this can be matched with the
anomaly of a 1+1d chiral fermion. We then adapt this dis-
cussion to the anomaly of the 3+1d Maxwell theory and the
corresponding 4+1d bulk BdC theory. We will see that the
anomaly computed in this way reproduces the known anomaly
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We consider the (3+1)-dimensional Maxwell theory in the situation where going around nontrivial paths in
the spacetime involves the action of the duality transformation exchanging the electric field and the magnetic
field, as well as its SL(2,Z) generalizations. We find that the anomaly of this system in a particular formulation
is 56 times that of a Weyl fermion. This result is derived in two independent ways: one is by using the bulk
symmetry protected topological phase in 4+1 dimensions characterizing the anomaly, and the other is by con-
sidering the properties of a (5+1)-dimensional superconformal field theory known as the E-string theory. This
anomaly of the Maxwell theory plays an important role in the consistency of string theory.
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Anomaly of Maxwell theory in terms of 5d top BdC
theory
• Well, it might just be a coincidence 
But we would really like to know whether such an identity holds for 
any 5-manifold w/ a spin-Mp(2, ℤ) structure

Math fact: all spin-Mp(2, ℤ) 5-mflds are classified by an abelian group
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be bosonized to a chiral boson in 1+1 dimensions. It also ex-
plained the reason how and why the spin structure could be
used to define the quadratic refinement necessary to formulate
the integrand of the U(1) Chern-Simons theory. In 3+1 di-
mensions, however, the Maxwell theory and 56 Weyl fermions
are two clearly different theories. What is the relation? How
and why does the spin (or more precisely the spin-Z2k) struc-
ture provide the necessary quadratic refinement? One expla-
nation is provided, somewhat surprisingly, by supersymmetric
physics in 5+1 dimensions, thanks to the recent better under-
standing of the anomalies there.

Consider a self-dual tensor field in 5+1 dimensions. Its
dimensional reduction on T

2 gives rise to the Maxwell the-
ory in 3+1 dimensions, and this construction geometrizes the
SL(2,Z) duality symmetry of the Maxwell theory. Corre-
spondingly, the (4+1)-dimensional BdC theory on M5 cou-
pled to an SL(2,Z) bundle is the dimensional reduction of the
(6+1)-dimensional CdC theory on M7, which is the T

2 bun-
dle over M5.

We now embed this theory of a self-dual tensor field into
the tensor branch of the E-string theory, originally found in
[22, 23]. This is the theory on the worldvolume on an M5-
brane close to the spacetime boundary carrying the E8 gauge
symmetry [44, 45]. We can now bring the M5-brane close to
the spacetime boundary, and transform it into an E8 instanton
of nonzero size. This corresponds to the Higgs branch of the
E-string theory, on which an E7 subgroup of E8 remains un-
broken. In this process, one self-dual tensor field is converted
into 28 = 56/2 chiral fermions in 5+1 dimensions, transform-
ing under the fundamental 56-dimensional representation of
E7. Since this is a continuous process, the anomaly at the start
and the anomaly at the end should be the same; previously the
same argument was used to compute the anomaly polynomial
of the E-string theory in [46] (which reproduced earlier results
in [47–49]), but the same statement is true even for subtler
anomalies we are discussing now. Since one chiral fermion
in 5+1 dimensions gives rise to two chiral fermions in 3+1
dimensions, we conclude that the anomaly of the Maxwell
theory, formulated as the T

2 compactification of the (5+1)d
self-dual field with the trivial E8 background, should be equal
to that of the 56 Weyl fermions.

If we turn on a nontrivial E7 background AE7 on the
fermion side, the data is translated on the self-dual tensor side
into the background field C which couples to the dynamical
self-dual tensor field C. At the level of the differential forms,
C is known to be given by the Chern-Simons form of the E7

gauge field AE7 . When AE7 is flat, this determines a quadratic
refinement required to define the 5+1d CdC theory. In partic-
ular, we always have the trivial E7 background on any mani-
fold, which provides a canonical quadratic refinement for the
6+1d CdC theory, and this construction only requires the spin

structure. This point was already essentially made in [50].
Since this explanation of (30) requires a lot of information

from string and M-theory, it would be of independent interest
to check the equality (30) by a direct analysis in 3+1 and 4+1
dimensions. To translate the analysis in 5+1 dimensions to
the study of the Maxwell theory, we need to require that the
T

2 bundle over M5 specified by the SL(2,Z) background is
equipped with a spin structure. This means that the symmetry
structure we consider in 3+1 and 4+1 dimensions is a spin-
Mp(2,Z) structure. According to the cobordism classification
theorem [51–54], the anomaly of any system with this symme-
try is classified by Hom(⌦spin-Mp(2,Z)

5 ,U(1)) = Z9 � Z32 �
Z2. Here ⌦spin-Mp(2,Z)

5 = Z9�Z32�Z2 is the bordism group
for closed 5-manifolds with spin-Mp(2,Z) structures and is
generated by S

5
/Z3, S5

/Z4, and [(S5
/Z4)0 +9(S5

/Z4)], re-
spectively, where (S4

/Z4)0 has the natural spin-Z8 structure
coming from the embedding S

5
/Z4 ⇢ C3

/Z4 but with a dif-
ferent action of Z4 given by diag(i, i, i,�i). We have not di-
rectly determined exactly which quadratic refinement comes
from the trivial E7 field, but we have checked that for a suit-
able choice we have the equality (30) for each case. This pro-
vides a strong check of our identification (30).
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2 bun-
dle over M5.

We now embed this theory of a self-dual tensor field into
the tensor branch of the E-string theory, originally found in
[22, 23]. This is the theory on the worldvolume on an M5-
brane close to the spacetime boundary carrying the E8 gauge
symmetry [44, 45]. We can now bring the M5-brane close to
the spacetime boundary, and transform it into an E8 instanton
of nonzero size. This corresponds to the Higgs branch of the
E-string theory, on which an E7 subgroup of E8 remains un-
broken. In this process, one self-dual tensor field is converted
into 28 = 56/2 chiral fermions in 5+1 dimensions, transform-
ing under the fundamental 56-dimensional representation of
E7. Since this is a continuous process, the anomaly at the start
and the anomaly at the end should be the same; previously the
same argument was used to compute the anomaly polynomial
of the E-string theory in [46] (which reproduced earlier results
in [47–49]), but the same statement is true even for subtler
anomalies we are discussing now. Since one chiral fermion
in 5+1 dimensions gives rise to two chiral fermions in 3+1
dimensions, we conclude that the anomaly of the Maxwell
theory, formulated as the T

2 compactification of the (5+1)d
self-dual field with the trivial E8 background, should be equal
to that of the 56 Weyl fermions.

If we turn on a nontrivial E7 background AE7 on the
fermion side, the data is translated on the self-dual tensor side
into the background field C which couples to the dynamical
self-dual tensor field C. At the level of the differential forms,
C is known to be given by the Chern-Simons form of the E7

gauge field AE7 . When AE7 is flat, this determines a quadratic
refinement required to define the 5+1d CdC theory. In partic-
ular, we always have the trivial E7 background on any mani-
fold, which provides a canonical quadratic refinement for the
6+1d CdC theory, and this construction only requires the spin

structure. This point was already essentially made in [50].
Since this explanation of (30) requires a lot of information

from string and M-theory, it would be of independent interest
to check the equality (30) by a direct analysis in 3+1 and 4+1
dimensions. To translate the analysis in 5+1 dimensions to
the study of the Maxwell theory, we need to require that the
T

2 bundle over M5 specified by the SL(2,Z) background is
equipped with a spin structure. This means that the symmetry
structure we consider in 3+1 and 4+1 dimensions is a spin-
Mp(2,Z) structure. According to the cobordism classification
theorem [51–54], the anomaly of any system with this symme-
try is classified by Hom(⌦spin-Mp(2,Z)

5 ,U(1)) = Z9 � Z32 �
Z2. Here ⌦spin-Mp(2,Z)

5 = Z9�Z32�Z2 is the bordism group
for closed 5-manifolds with spin-Mp(2,Z) structures and is
generated by S

5
/Z3, S5

/Z4, and [(S5
/Z4)0 +9(S5

/Z4)], re-
spectively, where (S4

/Z4)0 has the natural spin-Z8 structure
coming from the embedding S

5
/Z4 ⇢ C3

/Z4 but with a dif-
ferent action of Z4 given by diag(i, i, i,�i). We have not di-
rectly determined exactly which quadratic refinement comes
from the trivial E7 field, but we have checked that for a suit-
able choice we have the equality (30) for each case. This pro-
vides a strong check of our identification (30).
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generators:

ØThe answer is YES, once we know these S5/ℤk’s are, under (co)bordism, 
generators of any 5d spin-Mp(2, ℤ) manifold!  



Anomaly of Maxwell theory in terms of 5d top BdC
theory
Therefore,

is true on any 5-manifold w/ a spin-Mp(2, ℤ) structure

It is still abstract (and somehow mysterious), however. Where does this 
number 56 come from?

2

spin-Mp(2,Z) := (spin ⇥Mp(2,Z))/Z2 (20)

spin-Mp(2,Z) (:= spin ⇥Z2 Mp(2,Z)

= 56⌘fermion mod 1 (21)

1
2⇡ ArgZBdC(M5) = 56⇥ 1

2⇡ ArgZfermion(M5) mod 1
(22)

bordism: [X] = [Y ] if @W = X t Y

Every physicist knows that the electromagnetic field is de-
scribed classically by the Maxwell equation, and that it is
invariant under the electromagnetic duality S : (E,B) 7!
(B,�E). The properties of the electromagnetic duality in the
quantum theory might not be as well known to physicists in
general, and in fact are not very well understood in the litera-
ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.1 In
this letter, we uncover a feature of the Maxwell theory and
its duality symmetry in such a situation, namely that it has a
quantum anomaly.

We recall that a quantum theory in d+1 dimensions with a
symmetry group G can have a quantum anomaly, in the sense
that its partition function has a controllable phase ambigu-
ity. Our modern understanding is that such a theory is better
thought of as living on the boundary of a symmetry protected
topological phase (SPT phase) in the (d+1)+ 1 dimensional
bulk. It was noticed in the last few years in [8–12] that a ver-
sion of the Maxwell theory, often called the all-fermion elec-
trodynamics, where all particles of odd charge are fermions,
has a global gravitational anomaly and lives on the boundary
of a certain bulk SPT phase. As we will see, this result is a
special case of the anomaly and the corresponding bulk SPT
phase we find for the duality symmetry.

We study the anomaly and the bulk SPT phase by imitat-
ing the relationship between the 1 + 1d chiral boson and the
2 + 1d U(1)1 Chern-Simons theory and its generalization to
(4n+1)+ 1d self-dual form field and the (4n+2)+ 1d bulk

1 One example is a periodic boundary condition twisted by duality: E(x +
L, y, z) = B(x, y, z) and B(x + L, y, z) = �E(x, y, z). This partic-
ular setup was studied by O. Ganor and his collaborators [1–4], but what
happens in a more general situation remains unanswered, to the authors’
knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [5–7], which
are related to the inherent self-dual nature of the Maxwell theory.

theory, studied e.g. in [13–19]. The essential point is that the
3 + 1d Maxwell theory with a nontrivial background for its
duality symmetry is a self-dual field, and we can utilize the
techniques developed in the papers listed above to study it.
One of our main messages is that the subtle and interesting is-
sues concerning the self-dual fields studied in the past already
manifest themselves in the case of the Maxwell theory, once
the non-trivial background for its duality symmetry is turned
on.

Before proceeding, we note that the electromagnetic dual-
ity group in the quantum theory is in fact SL(2,Z) acting on
the lattice Z2 of the electric and magnetic charges. Its effect
on the Maxwell theory on a curved manifold was carefully
analyzed in [20] and it was interpreted as a mixed SL(2,Z)-
gravitational anomaly in [21]. Our result in this paper can be
considered as the determination of the pure SL(2,Z) part of
the anomaly.

Our computation shows that the anomaly of the Maxwell
theory is 56 times that of a Weyl fermion, in a certain pre-
cise formulation of the duality. Where does this number 56
come from? We will provide an answer using the property of a
5+1d superconformal field theory originally found in [22, 23]
known as the E-string theory; the name comes from the fact
that it has E8 global symmetry. The E-string theory has two
branches of vacua, called the tensor branch and the Higgs
branch. On the Higgs branch the E8 symmetry is Higgsed to
E7, which acts on 28 fermions via its 56 dimensional funda-
mental representation.2 When one moves to the tensor branch,
the E8 symmetry is restored and a self-dual tensor field ap-
pears. By compactifying this system on T

2, one finds that one
Maxwell field is continuously connected to 56 Weyl fermions,
showing that they should have the same anomaly. The electro-
magnetic duality is formulated as the SL(2,Z) acting on this
torus T 2, and the above statement about the anomaly is valid
if the E8 background field is turned off.

The rest of the paper is organized as follows. We start by
recalling how the anomaly of a 1+1d chiral boson is captured
by the phase of the partition function of the 2+1d U(1) Chern-
Simons theory at level 1. We outline the path integral com-
putation of its phase, and how this can be matched with the
anomaly of a 1+1d chiral fermion. We then adapt this dis-
cussion to the anomaly of the 3+1d Maxwell theory and the
corresponding 4+1d bulk BdC theory. We will see that the
anomaly computed in this way reproduces the known anomaly
when the SL(2,Z) background is trivial. We then consider
the case of nontrivial SL(2,Z) backgrounds on S

5
/Zk, for

2 A pseudo-real representation R with dimR = 2k can act on k fermions
in 5 + 1d because the spin representation S in 5 + 1d is pseudo-real and
we can impose the Majorana condition on R⌦ S.

Ø We provide an answer using the property of some 6d SCFT, known 
as the E-string theory [Ganor-Hanany (96); Seiberg-Witten (96)]

Namely, the anomaly of EM duality of the Maxwell theory is 56 times 
that of a 4d chiral fermion
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The E-string theory has two branches of vacua, the tensor branch and 
the Higgs branch
ØOn the Higgs branch the E8 symm is Higgsed to E7, which acts on 28

fermions via its 56 dim fundamental rep
ØWhen one moves to the tensor branch, the E8 symm is restored and a 

self-dual tensor field appears 4

ing on S
5
/Z2. The background (B, C) produced by O3± is

such that only the O3� leads to the anomaly of the Maxwell
theory, explaining the difference of the RR charges; we note
that the charge 1/4 of the O3+-plane was already explained
by the fermion anomaly [42]. We can also check that the re-
sulting 1

2⇡ ArgZ for other k is exactly what is necessary to
reproduce the RR charge of the N=3 S-fold [43, 44].

Let us now consider the infinitely massive fermions encod-
ing the anomaly of a 3+1d Weyl fermion of unit charge under
Z2k, which was studied in [45–47]. The corresponding eta in-
variants on S

5
/Zk are also tabulated in Table I. We can check

that the relation

� 1
4⌘signature +Arf(q) = 56⌘fermion (10)

holds for the choices of the Arf invariants given in Table I.

WHY 56?

The relation (10) about the anomaly of the Maxwell theory
and 56 Weyl fermions in 3+1 dimensions reminds us of the
relation (6) about the anomaly of a chiral boson and a chi-
ral fermion in 1+1 dimensions. In the latter case, the equal-
ity should evidently hold because a chiral fermion can be
bosonized to a chiral boson in 1+1 dimensions. It also ex-
plained the reason how and why the spin structure could be
used to define the quadratic refinement necessary to formulate
the integrand of the U(1) Chern-Simons theory. In 3+1 di-
mensions, however, the Maxwell theory and 56 Weyl fermions
are two clearly different theories. What is the relation? How
and why does the spin (or more precisely the spin-Z2k) struc-
ture provide the necessary quadratic refinement? One expla-
nation is provided, somewhat surprisingly, by supersymmetric
physics in 5+1 dimensions.

Consider a self-dual tensor field in 5+1 dimensions. Its di-
mensional reduction on T

2 gives rise to the Maxwell theory
in 3+1 dimensions, geometrizing the SL(2,Z) duality sym-
metry of the Maxwell theory. Correspondingly, the (4+1)-
dimensional BdC theory on M5 coupled to an SL(2,Z) bun-
dle is the dimensional reduction of the (6+1)-dimensional
CdC theory on M7, which is the T

2 bundle over M5.
We now embed this theory of a self-dual tensor field into

the tensor branch of the E-string theory [25, 26] which de-
scribes an M5-brane close to the spacetime boundary carrying
the E8 gauge symmetry [48, 49]. We can now bring the M5-
brane close to the spacetime boundary, and transform it into an
E8 instanton of nonzero size. This corresponds to the Higgs
branch of the E-string theory, on which an E7 subgroup of E8

remains unbroken. In this process, one self-dual tensor field
is converted into 28 = 56/2 chiral fermions in 5+1 dimen-
sions, transforming under the fundamental 56-dimensional

5+1d

3+1d Maxwell

Self-dual tensor
T 2

∪

Tensor branch Higgs branch

28 fermions

56 fermions

∪

E-string

continuous
deformation

FIG. 1. Maxwell to 56 fermions, via E-string theory

representation of E7. Since this is a continuous process, the
anomaly at the start and the anomaly at the end should be the
same; previously the same argument was used to compute the
anomaly polynomial of the E-string theory in [50] (which re-
produced earlier results in [51–53]), but the same statement is
true even for subtler anomalies we are discussing now. Since
one chiral fermion in 5+1 dimensions gives rise to two chiral
fermions in 3+1 dimensions, we conclude that the anomaly
of the Maxwell theory, formulated as the T

2 compactification
of the (5+1)d self-dual field with the trivial E8 background,
should be equal to that of the 56 Weyl fermions. See Fig. 1.

If we turn on a nontrivial E7 background AE7 on the
fermion side, the data is translated on the self-dual tensor
side into the background 3-form field C which couples to the
dynamical self-dual tensor field, which is basically given by
the Chern-Simons term constructed from AE7 . When AE7

is flat, this determines a quadratic refinement required to de-
fine the 6+1d CdC theory. In particular, the trivial E7 back-
ground which is available on any manifold provides a canon-
ical quadratic refinement for the 6+1d CdC theory, and this
construction only requires the spin structure. This point was
already essentially made in [54].

Since this explanation of (10) requires a lot of information
from string and M-theory, it would be of independent interest
to check the equality (10) by a direct analysis in 3+1 and 4+1
dimensions. To translate the analysis in 5+1 dimensions to
the study of the Maxwell theory, we need to require that the
T

2 bundle over M5 specified by the SL(2,Z) background is
equipped with a spin structure. This means that the symmetry
structure we consider is a spin-Mp(2,Z) structure. According
to the cobordism classification theorem [55–58], the anomaly
of any system with this symmetry is classified by the dual of
⌦spin-Mp(2,Z)

5 = Z9�Z32�Z2, which is the bordism group for
closed 5-manifolds with spin-Mp(2,Z) structures and is gen-
erated by S

5
/Z3, S5

/Z4, and [(S5
/Z4)0+9(S5

/Z4)], respec-
tively, where (S5

/Z4) and (S5
/Z4)0 both have the spin-Z8

structure coming from the embedding S
5
/Z4 ⇢ C3

/Z4 but
with different actions of Z4 given by diag(i, i, i,±i). We have
not directly determined which quadratic refinement comes
from the trivial E7 field, but we have checked that for a suit-
able choice we have the equality (10) for each case, providing
a strong check of our identification (10).
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Â1 = ⌘Dirac =
1
2⇡ ArgZferm(M3) (10)

None charge conj. ZC
2 S-duality ZS

4 ST-symm. ZST
3 full EM duality SL(2,Z)

Maxwello(spin ⇥G) 0 0 0 Z9 Z9

MaxwellI(so ⇥G, Spin-G) 0 Z2 - - -
MaxwellII 0 Z2 - - -
MaxwellIII 0 Z2 - - -
MaxwellIV Z2 Z2 Z4 Z9 Z36

Weyl, G⇥ Zf
2 0 0 Z4 Z9 Z36

Weyl, Gf 0 Z16 Z32 Z9 Z288

TABLE I. Partition functions and related data on S
5
/Zk.

X

i

c
†
i
ci+1 + h.c. + · · · (11)

U(1) : ci ! e
i�
ci (12)

C : ci ! c
†
i

(13)

T : not exit (14)

U(1) :  ! e
i� (15)

C :  !  ⇤ (16)

T :  ! i�y (17)

C :

✓
�1 0
0 �1

◆
(18)

[Hsieh-Tachikawa-Yonekura (20)]



Anomaly of Maxwell theory in terms of 6d SCFT

By compactifying this system on T2, one finds that one Maxwell field is 
continuously connected to 56 chiral fermions, showing that they should 
have the same anomaly. The EM duality is formulated as the SL(2, ℤ) 
acting on this T2

4

ing on S
5
/Z2. The background (B, C) produced by O3± is

such that only the O3� leads to the anomaly of the Maxwell
theory, explaining the difference of the RR charges; we note
that the charge 1/4 of the O3+-plane was already explained
by the fermion anomaly [42]. We can also check that the re-
sulting 1

2⇡ ArgZ for other k is exactly what is necessary to
reproduce the RR charge of the N=3 S-fold [43, 44].

Let us now consider the infinitely massive fermions encod-
ing the anomaly of a 3+1d Weyl fermion of unit charge under
Z2k, which was studied in [45–47]. The corresponding eta in-
variants on S

5
/Zk are also tabulated in Table I. We can check

that the relation

� 1
4⌘signature +Arf(q) = 56⌘fermion (10)

holds for the choices of the Arf invariants given in Table I.

WHY 56?

The relation (10) about the anomaly of the Maxwell theory
and 56 Weyl fermions in 3+1 dimensions reminds us of the
relation (6) about the anomaly of a chiral boson and a chi-
ral fermion in 1+1 dimensions. In the latter case, the equal-
ity should evidently hold because a chiral fermion can be
bosonized to a chiral boson in 1+1 dimensions. It also ex-
plained the reason how and why the spin structure could be
used to define the quadratic refinement necessary to formulate
the integrand of the U(1) Chern-Simons theory. In 3+1 di-
mensions, however, the Maxwell theory and 56 Weyl fermions
are two clearly different theories. What is the relation? How
and why does the spin (or more precisely the spin-Z2k) struc-
ture provide the necessary quadratic refinement? One expla-
nation is provided, somewhat surprisingly, by supersymmetric
physics in 5+1 dimensions.

Consider a self-dual tensor field in 5+1 dimensions. Its di-
mensional reduction on T

2 gives rise to the Maxwell theory
in 3+1 dimensions, geometrizing the SL(2,Z) duality sym-
metry of the Maxwell theory. Correspondingly, the (4+1)-
dimensional BdC theory on M5 coupled to an SL(2,Z) bun-
dle is the dimensional reduction of the (6+1)-dimensional
CdC theory on M7, which is the T

2 bundle over M5.
We now embed this theory of a self-dual tensor field into

the tensor branch of the E-string theory [25, 26] which de-
scribes an M5-brane close to the spacetime boundary carrying
the E8 gauge symmetry [48, 49]. We can now bring the M5-
brane close to the spacetime boundary, and transform it into an
E8 instanton of nonzero size. This corresponds to the Higgs
branch of the E-string theory, on which an E7 subgroup of E8

remains unbroken. In this process, one self-dual tensor field
is converted into 28 = 56/2 chiral fermions in 5+1 dimen-
sions, transforming under the fundamental 56-dimensional

5+1d

3+1d Maxwell

Self-dual tensor
T 2

∪

Tensor branch Higgs branch

28 fermions

56 fermions

∪

E-string

continuous
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FIG. 1. Maxwell to 56 fermions, via E-string theory

representation of E7. Since this is a continuous process, the
anomaly at the start and the anomaly at the end should be the
same; previously the same argument was used to compute the
anomaly polynomial of the E-string theory in [50] (which re-
produced earlier results in [51–53]), but the same statement is
true even for subtler anomalies we are discussing now. Since
one chiral fermion in 5+1 dimensions gives rise to two chiral
fermions in 3+1 dimensions, we conclude that the anomaly
of the Maxwell theory, formulated as the T

2 compactification
of the (5+1)d self-dual field with the trivial E8 background,
should be equal to that of the 56 Weyl fermions. See Fig. 1.

If we turn on a nontrivial E7 background AE7 on the
fermion side, the data is translated on the self-dual tensor
side into the background 3-form field C which couples to the
dynamical self-dual tensor field, which is basically given by
the Chern-Simons term constructed from AE7 . When AE7

is flat, this determines a quadratic refinement required to de-
fine the 6+1d CdC theory. In particular, the trivial E7 back-
ground which is available on any manifold provides a canon-
ical quadratic refinement for the 6+1d CdC theory, and this
construction only requires the spin structure. This point was
already essentially made in [54].

Since this explanation of (10) requires a lot of information
from string and M-theory, it would be of independent interest
to check the equality (10) by a direct analysis in 3+1 and 4+1
dimensions. To translate the analysis in 5+1 dimensions to
the study of the Maxwell theory, we need to require that the
T

2 bundle over M5 specified by the SL(2,Z) background is
equipped with a spin structure. This means that the symmetry
structure we consider is a spin-Mp(2,Z) structure. According
to the cobordism classification theorem [55–58], the anomaly
of any system with this symmetry is classified by the dual of
⌦spin-Mp(2,Z)

5 = Z9�Z32�Z2, which is the bordism group for
closed 5-manifolds with spin-Mp(2,Z) structures and is gen-
erated by S

5
/Z3, S5

/Z4, and [(S5
/Z4)0+9(S5

/Z4)], respec-
tively, where (S5

/Z4) and (S5
/Z4)0 both have the spin-Z8

structure coming from the embedding S
5
/Z4 ⇢ C3

/Z4 but
with different actions of Z4 given by diag(i, i, i,±i). We have
not directly determined which quadratic refinement comes
from the trivial E7 field, but we have checked that for a suit-
able choice we have the equality (10) for each case, providing
a strong check of our identification (10).



• So far I have discussed the anomaly of SL(2, ℤ) duality of one 
version of Maxwell theory (i.e. all-fermion electrodynamics).

• It is interesting to find out anomalies of any subgroups of SL(2, 
ℤ) in other versions of Maxwell theory.
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Anomalies of 4d Weyl ferm under the same symm was determined in [Hsieh (18)], 
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Every physicist knows that the electromagnetic field is de-
scribed classically by the Maxwell equation, and that it is
invariant under the electromagnetic duality S : (E,B) 7!
(B,�E). The properties of the electromagnetic duality in the
quantum theory might not be as well known to physicists in
general, and in fact are not very well understood in the litera-
ture. This is particularly true when going around a nontrivial
path in the spacetime results in a duality transformation.1 In
this letter, we uncover a feature of the Maxwell theory and
its duality symmetry in such a situation, namely that it has a
quantum anomaly.

We recall that a quantum theory in d+1 dimensions with a
symmetry group G can have a quantum anomaly, in the sense
that its partition function has a controllable phase ambigu-
ity. Our modern understanding is that such a theory is better
thought of as living on the boundary of a symmetry protected
topological phase (SPT phase) in the (d+1)+ 1 dimensional
bulk. It was noticed in the last few years in [8–12] that a ver-
sion of the Maxwell theory, often called the all-fermion elec-
trodynamics, where all particles of odd charge are fermions,
has a global gravitational anomaly and lives on the boundary
of a certain bulk SPT phase. As we will see, this result is a
special case of the anomaly and the corresponding bulk SPT
phase we find for the duality symmetry.

We study the anomaly and the bulk SPT phase by imitat-
ing the relationship between the 1 + 1d chiral boson and the
2 + 1d U(1)1 Chern-Simons theory and its generalization to
(4n+1)+ 1d self-dual form field and the (4n+2)+ 1d bulk

1 One example is a periodic boundary condition twisted by duality: E(x +
L, y, z) = B(x, y, z) and B(x + L, y, z) = �E(x, y, z). This partic-
ular setup was studied by O. Ganor and his collaborators [1–4], but what
happens in a more general situation remains unanswered, to the authors’
knowledge. There is also a series of interesting papers on the flux sectors
of the Maxwell theory by G. W. Moore and his collaborators [5–7], which
are related to the inherent self-dual nature of the Maxwell theory.

theory, studied e.g. in [13–19]. The essential point is that the
3 + 1d Maxwell theory with a nontrivial background for its
duality symmetry is a self-dual field, and we can utilize the
techniques developed in the papers listed above to study it.
One of our main messages is that the subtle and interesting is-
sues concerning the self-dual fields studied in the past already
manifest themselves in the case of the Maxwell theory, once
the non-trivial background for its duality symmetry is turned
on.

Before proceeding, we note that the electromagnetic dual-
ity group in the quantum theory is in fact SL(2,Z) acting on
the lattice Z2 of the electric and magnetic charges. Its effect
on the Maxwell theory on a curved manifold was carefully
analyzed in [20] and it was interpreted as a mixed SL(2,Z)-
gravitational anomaly in [21]. Our result in this paper can be
considered as the determination of the pure SL(2,Z) part of
the anomaly.

Our computation shows that the anomaly of the Maxwell
theory is 56 times that of a Weyl fermion, in a certain pre-
cise formulation of the duality. Where does this number 56
come from? We will provide an answer using the property of a
5+1d superconformal field theory originally found in [22, 23]
known as the E-string theory; the name comes from the fact
that it has E8 global symmetry. The E-string theory has two
branches of vacua, called the tensor branch and the Higgs
branch. On the Higgs branch the E8 symmetry is Higgsed to
E7, which acts on 28 fermions via its 56 dimensional funda-
mental representation.2 When one moves to the tensor branch,
the E8 symmetry is restored and a self-dual tensor field ap-
pears. By compactifying this system on T

2, one finds that one
Maxwell field is continuously connected to 56 Weyl fermions,
showing that they should have the same anomaly. The electro-
magnetic duality is formulated as the SL(2,Z) acting on this
torus T 2, and the above statement about the anomaly is valid
if the E8 background field is turned off.

The rest of the paper is organized as follows. We start by
recalling how the anomaly of a 1+1d chiral boson is captured
by the phase of the partition function of the 2+1d U(1) Chern-
Simons theory at level 1. We outline the path integral com-
putation of its phase, and how this can be matched with the
anomaly of a 1+1d chiral fermion. We then adapt this dis-
cussion to the anomaly of the 3+1d Maxwell theory and the
corresponding 4+1d bulk BdC theory. We will see that the
anomaly computed in this way reproduces the known anomaly
when the SL(2,Z) background is trivial. We then consider
the case of nontrivial SL(2,Z) backgrounds on S

5
/Zk, for

2 A pseudo-real representation R with dimR = 2k can act on k fermions
in 5 + 1d because the spin representation S in 5 + 1d is pseudo-real and
we can impose the Majorana condition on R⌦ S.
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Outline
• Maxwell theory × EM duality × Anomaly

• Anomalies: self-dual fields vs. chiral fermions
1. (1+1)d
2. (3+1)d
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• Summary



We consider various versions of 4d Maxwell theory and their duality 
symmetries, and compute the corresp ’t Hooft anomalies

ØIn particular, we found

ØThe interpretation is twofold: one is by the 5d bulk SPT
(top. BdC theory) phase characterizing the anomaly, and 
the other is by the properties of a 6d SCFT (E-string theory) 

ØOur result reproduces, as a special case, the known anomaly of the all-
fermion electrodynamics discovered in the last few years

BdC
theory

Maxwell 
theory

Anomaly of duality symm of Maxwell = 56 times that of a chiral fermion 

Summary
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